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Disclaimer 


These lecture notes accompany the final-year undergraduate lecture course 
on “Relativistic Quantum Mechanics”, consisting of 12 lectures, delivered 
during the 2020/2021 academic year in an online format. The notes are 
by no means original. Instead I shamelessly borrowed from a multitude of 
resources, and tried to put material into a coherent form. I also try and 
cite online links to books etc., where possible — I am aware that the library 
holds some of them, also in electronic form. 

The lectures mainly deal with second quantisation, a topic that has been 
excellently covered in the literature and on the web. There are many truly 
excellent textbooks on the topic, often named “Introduction to Quantum 
field Theory” or similar, for example the books by Peskin & Schröder [1], 
Griffiths [2], Schwartz, Zee, or Hatfield [3], in addition to a multitude of 
freely available lectures notes on the web: 


e Mark Srednicki’s notes on Quantum Field Theory [4], which have since 
been published as a book; 


e David Tong’s lectures on Quantum Field Theory [5]; 


e lecture notes of the great Sidney Coleman on Quantum Field The- 
ory [6]; 


e Jeff Dror’s summary of practically all relevant relations worked out in 
this course, and, in fact, many more beyond it, can be found in [7]. 


The lecture notes will be continuously updated over the course of the year - 
please check the date on the front page to keep track of changes. When you 
compare the notes with books you will realise that notation and conventions 
differ between different resources. However, quite often these differences boil 
down to trivial normalisations. I’ve tried, hopefully successfully, to be at 
least self-consistent. 

The notes are supplemented with worked examples and problems through- 
out, and I cannot overemphasise how important it is to actually calculate 
things on your own. Tougher, expert-level problems are identified with an 
asterisk. They are outside the scope of examinable material and are solely 
geared to helping interested students to develop a deeper understanding of 
the subject and to contextualising the material in a wider perspective. I 
have also added “extremely unbelievably hard” questions, indicated with 
two asterisks. They cover material that is entirely beyond the scope of the 
course, but may trigger some further reading and digging by students with 
a soft spot for the abyss that is Quantum Field Theory. 

Over the course of six weeks we will work through the analogue of 12 lectures 
- I will try to highlight and explain crucial concepts in short movies with 
me working through things on a white board - however, these movies are 


Week 


Chapters 


Comments & Suggested Problems 


1-3 


Reminder of important concepts. Introduction 
to Classical Field Theory in Lagrange formalism: 
real and complex scalar fields and electrodynam- 
ics. Conserved current and conserved charge. 


Logic of 2?d quantisation and first example: real 
scalar field theory. 2"4 quantisation of complex 
scalar theory. More on conserved current and 
charges, this time in the quantum world. 


Introducing the Dirac equation without quantisa- 
tion: Linearising Klein-Gordon equation, spinors, 
their properties, and y matrices. 2"d quantisation 
of the Dirac equation: using anti-commutators for 
the quantisation conditions on fermions. 


Free electrodynamics fields. Impact of gauge in- 
variance: “over-quantising”. 2"4 quantisation in 
Coulomb and Lorentz gauge. 


Time-ordered products are the Green's functions 
(propagators) of free theories. 


Interacting field theories. A first stab at the S- 
matrix and Wick's theorem. This is extended 
reading and will not be subject of the relativis- 
tic quantum mechanics part of the exam. 


Table 1: Coverage of material during the course 


by no means complete and they are mainly meant to structure your own, 
self-driven learning. Below a table, Tab 1, of what material would have been 


covered week-by-week. 
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1 Introduction 


In this course, “Relativistic Quantum Mechanics”, we combine Quantum 
Mechanics with Special Relativity and develop a formalism to quantise fields 
in a Lorentz-invariant way. 

We will recapitulate the Lagrange and Hamilton formalism for the treat- 
ment of classical point particles as well as the quantisation of the harmonic 
oscillator through creation and annihilation operators. Building on the for- 
mer, we will briefly analyse the Lagrange formalism and the derivation of 
Euler-Lagrange equations of motion for a discrete system, before taking the 
continuum limit, resulting in the Lagrange formulation of field dynamics. 
We will analyse free real and complex scalar fields in this formalism, and 
for the latter, we will find a symmetry — phase shifts of the fields — that 
leaves the Lagrangian invariant. We will see that such invariances result in 
conserved currents and charges. We will further exemplify the power of the 
formalism by constructing a Lagrange density for the electromagnetic fields 
and deriving Maxwell’s equations from it. 

To quantise fields we will copy the steps known from single-particle systems, 
in particular the harmonic oscillator, and adapt it to the case of fields. In 
so doing we effectively replace the role of position and momentum of the 
particle, and the corresponding operators, with the field and its conjugate 
momentum. The resulting logic is to replace the functions describing fields 
and their conjugate momenta with field and momentum operators, and to de- 
mand suitable commutator relations for them. This is called second quanti- 
sation. As a consequence of relativistic invariance, encoded in the quadratic 
energy-momentum relation of E? — p? = m?, solutions with negative energy 
become possible. Demanding a Hamiltonian with an energy spectrum that 
is bounded from below, i.e. a physically meaningful ground state or vac- 
uum, necessitates their interpretation as anti-particles. It also immediately 
implies we have arrived at a multi-particle theory, because pairs of parti- 
cles and anti-particles with short lifetimes can be produced. We will check, 
by explicit calculation, that the resulting theory maintains causality at a 
microscopic level, by asserting that commutators of causally disconnected 
fields always vanish and that they therefore cannot impact onto each other. 
After second quantisation of the simplest possible theory, a single free real 
scalar field, we analyse the structure of a free complex scalar field. We will 
recover the current and charge stemming from the phase invariance of the 
Lagrangian and we will by explicit calculation show that the charge and 
the Hamilton operators commute, making charge conservation of the theory 
manifest. 

After analysing the free scalar or Klein-Gordon fields we will turn our atten- 
tion to the treatment of spin-1/2 particles in the celebrated Dirac equation. 
We will analyse its structure and ingredients — y matrices and spinors — 
and their properties before second quantisation of the theory. Reflecting 


the fermionic nature of the particles, we will use anti-commutators {-, -} 
instead of commutators [-, -] for the quantisation conditions. Similar to the 
case of the complex scalar field, also the Lagrangian for free spinors enjoys 
invariance under phase transformations of the fields, and again this leads to 
a conserved charge. 

We then turn our attention to the quantisation of electrodynamics and the 
free electromagnetic fields. There, we will encounter an interesting problem: 
the vector potential A", on which we build the theory, naively speaking, has 
four degrees of freedom in its four-components, but the physical field has 
only two degrees of freedom, the well-known linear or circular polarisation 
states of the photons, the quanta of electromagnetism. This necessitates the 
imposition of additional conditions onto the theory, to correctly reflect its 
physical content. In more formalised language, this problem is a result of the 
gauge invariance of the underlying theory, electromagnetism, which results 
in identical physical fields for different vector potentials. It will become clear 
that the problem of the additional content will be fixed by fixing the gauge 
of the theory, and we will see how this is shapes the additional conditions 
we will impose on the theory. 

Having quantised various free field theories and discussing some of their 
properties, we will start with developing a framework to analyse their dy- 
namical behaviour. To this end we will build on the concept of Green’s 
functions and construct the Green’s functions of our quantised theories. It 
will turn out that these “propagators” are the vacuum expectation values 
of time-ordered products of the field operators. 


2 Recapitulation 


In this section we recapitulate important concepts from previous lectures 
and properties of the objects we will use throughout the lecture. The aim 
is not to explain in detail how things work or why, but to provide you with 
a unified notation and nomenclature. If necessary, please, re-familiarise 
yourselves with the concepts in this section. 

If you feel you need to read up on 


e tensors and indices, please, take a look at the lecture notes of Dulle- 
mond and Peeters [8]; also chapter 3 of Griffiths’ book [2] or chapter 7 
of Goldstein’s book [9] may be helpful, although the latter keep factors 
of c. 


e Lagrange and Hamilton formalism and related problems, take a look 
at the classical textbooks of Goldstein [9] (chapters 1 and 2 for La- 
grange formalism, chapter 8 for Hamilton formalism, chapter 3 for 
central force problem, and chapter 6 for oscillations) and Landau and 
Lifshitz [10] (chapter 1 for Lagrange formalism, chapter 7 for Hamil- 
ton formalism, chapter 3 for motion in a potential and chapter 5 for 
oscillations). 


e harmonic oscillator in Quantum Mechanics, creation and annihila- 
tion operators, maybe you may want to check Sec. 2.3 in Sakurai’s 
book [11]? 


2.1 Natural Units 
Throughout the course we will use “natural units”, 
ped (1) 


All quantities will be expressed in units of energy, i.e. electron Volts (eV), 
or their inverse. One eV is the kinetic energy an electron gains when being 
accelerated from rest through an electric potential difference of 1 Volt in the 
vacuum. '[o transform between quantities in different units, we will multiply 
or divide by combinations of A and c, as in Table 2. In particular this means 
we have the electron and proton mass as me © 511 keV = 0.511 MeV and 
my © 938 MeV 7 1 GeV. 


2.2 Some mathematics 


Fourier Transformation Throughout the lecture we will define Fourier 
transformations between position x and momentum k in a somewhat asym- 
metric form as 


i(k) = / n ei? f(x) 
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time <— length with ce 0.3- 10? m/s 
momentum  «—9 energy with c 

mass <— energy with c 

time <>  l/energy with Aœ 6.5.1077? MeV s 
length <— I/energy with hc 200 MeV fm 


Table 2: Transformations between physical quantities 


f(x) = J dk et F(h). (2) 


The extension to higher dimensions — for example for the Fourier transfor- 
mation of three-vectors — is straightforward: 


= 34 ; 
i(k) = f dX ike f(x) 


E (21)? 
fla) = frete fao. (3) 
ó-function The ó-function is defined through an integral relation as 
| (2o) (a, 0 
a f(xo) if xo € |a, 
fe mk ae { 0 otherwise. (4) 


In addition, we have 


f dze-*6-9 EE T — g) (5) 
Again, the extension to more dimensions is straightforward. 


2.3 Four-Vectors and Minkowski Space 


Four Vectors "Throughout the course we will use relativistic notation. 
Time t and spatial position z = (x, y, z) are combined into a (contravariant) 
four-position 


x! = (t, m, y, z) = (t, 2) (6) 


and similar, energy E and momentum p = (pz, Py, pz) are combined into a 
(contravariant) four-momentum 


p" = (E, Pes Py, Pz) = (E, p). (7) 
We will use Greek indices u, v, p, ... to label components of four-objects 
and Latin indices i, j, k, ... to label the spatial or three-components. 


Einstein Convention When not stated otherwise we will use Einstein’s 
convention of summing over repeated indices, for example 


p^ = pipi = p2 + p, + p2. (8) 


Metric Tensor For four-vectors this is a meaningful operation only when 
combining contravariant objects (where the index is a superscript) with co- 
variant objects (where the index is a subscript). The two sets of four-objects 
— contravariant and covariant — are connected through the metric tensor guv, 


Pu = Juw p” and p" = gpr, (9) 


where the Minkowski metric is given by 


1 0 0 0 
, 0-1 0 0 
Suv = g^" = diag(1, =1) = 0 0 —1 0 (10) 
0 0 0 -1 
In other words, if p^ — (E, p), p, — (E, —p). 
From py = g,’ Pv we can easily infer that 
1000 
0100 
I, —9',—dieg(1—| 9 9 4g (11) 
000 1 


Raising and Lowering Indices We have already seen, how the metric 
tensor is used to raise or lower indices of four-vectors, e.g., 


Eu c gut and p eg ry, (12) 
which introduces a sign flip in the spatial coordinates: 
if z” = (t, x) then am = (o om (13) 


For tensors with n indices, one metric tensor is necessary to raise or lower 
one index. For example, for a tensor F"" of rank two, two metric tensors are 
necessary to lower both indices. As an example, consider the field-strength 
tensor of electromagnetism, given by 


0 -E;, ey, ak; 

E, 0 -B, B 

ip x z y 
F E B. ei (14) 


0 
ESB Be có 


Therefore, 
Pw = Gu! gy, F” ur (15) 
where, making the sequence of matrix multiplications explicit 


^y! ty! 
FẸ = gu F” = F” gv'v 


0 —-E;, Sey. -E, 1 0 0 0 
T 2 0 -—B& By, 0-1 0 0 
E E, B 0  —B, 0 0 -1 0 
E, -By ^ 0 0 0 0 -=i 
0 FE E, E 
E, 0 Be -By 
= 1 
E, —B, 0 By (16 
E, By -B 0 
and 
Fw = guy F y, 
1 0 0 O0 0 ue ES. E 
B 0-1 0 0 E, 0 B, eB, 
i 0 0 -1 0 E, —B, 0 By 
0 0 0 -41 E. By -B+ 0 
0 EL BEL E; 
z -Ez 0  —B. By (17) 


SF OB; Ge “SB, 
E Be By d 


in other words, lowering both indices changed the sign in the 0-row and 0- 
column of the tensor — the mixed temporal-spatial entries — and left the 
temporal-temporal and spatial-spatial entries unchanged. 


Scalar Product Scalar products of two four-vectors are then given by 


m 


£: p = Tup” = x"p,-— Topo — £ : p = Topo — ipi — T2p2 — $3p3 (18) 


Derivatives Derivatives of a scalar or scalar product with respect to a 
vector are given by 


Oa-b ap: b" 
Oa, z Oa, 


=b, (19) 


i.e. derivatives of a scalar quantity w.r.t a covariant vector yield a con- 
travariant vector. In particular it is customary to define 


o 


9" = E = (8/0t, —V). (20) 


Tu 
Note that the derivatives have a relative sign in the spatial coordinates! 
Relativistic Energy-Momentum Relation In particular, the energy- 


momentum relation for a physical particle of (rest) mass m can be written 
as 


Kronecker-ó and Levi-Civita Tensor Two important tensors in three 
dimensions are the Kronecker-ó, 


xe. fe Ll iique 
n 
ups ee { 0 otherwise, (22) 


and the anti-symmetric Levi-Civita Tensor, given by 


1 if {ijk} = cyclical permutation of 123 
= —] if {ijk} = anti-cyclical permeation of 123 (23) 
0 otherwise. 


ijk 
Eijk = €? 


The latter is generalised to the totally anti-symmetric tensor in four dimen- 
sions, €4”P° with 


1 if {~vpo} = cyclical permutation of 0123 
LAE =e ig = —1 if{pvpo} = anti-cyclical permutation of 0123 
0 otherwise. 


(24) 
2.4 Lorentz Transformations 
General idea Lorentz transformations, 
g^ — g^ = AM a (25) 


are linear transformations that connect four-vectors with each other. The 
A", are usually divided into active transformations where the four-vector in 
question is moved while the reference system is fixed, and passive transfor- 
mations, where the four-vector is fixed, but the reference system is changed. 
'The difference between active and passive transformations is encoded in a 
relative sign of the defining parameters. 

In the context of this lecture, the idea of Lorentz transformations is gener- 
alised such that they contain both boosts B^, and rotations R',, where the 
former are defined by three velocities and the latter defined by three angles. 
In fact, the rotation are the Galilei transformations, which are superseded 
by the Lorentz transformations. 


Boosts The (active) boosts B^, are defined by the three-velocity! v; for 
example for a boost long the z-axis with velocity v = v; 


1 0 0 —v coshhg 0 0 —sinhy 
0 1/w 0 0 0.1 0 0 
H = = 
PASSAA sp oie U 001 pu 
—U 0 0 1 —sinhgy 0 O0 coshn 
(26) 
where 
h : (27) 
cosh n = y = ———— 
Ty 12 


is the Lorentz factor and 7 is the rapidity. 

To construct the boost defined by a three-velocity v, B^ (v), it is advan- 
tageous to realise that the spatial dimensions can be decomposed into one 
component parallel to the boost-vector v, xy and two perpendicular ones, 
zı. With v = vn and x = x-n, the transformations read 


T =, (28) 
or, for the spatial components in more compact form 
/ 


z —z-(y-l)n-z)n— yut (29) 


In matrix form this translates to 


^Y Wz —YVy —YVz 
—yw 1+(y-1)3 — 1)" — 1) tevez 
B" (v) = Ux (y s: (y ) v2, (y ) v2 (30) 


-yuy = (y- 1) 1-(y-12 re) 
=y; (GDS oe De dye 


Rotations Similar to the boosts, the (active) rotations R^, are defined by 
three Euler angles; for example a rotation around the z-axis with angle 0 is 
mediated by 


1 0 0 0 
0 cos0 —siné 0 
0 sind cos@ 0 
0 0 0 1 


'Note that we express the velocity in natural units - in many books the velocity is 
given as v = cf with c the speed of light. 


(31) 


Invariance of Norm of Four-Vectors The Lorentz transformations 
have been constructed such that the norm of a four vector is invariant under 
a boost or rotation. To see how this works look at a four-vector x, boosted 
with velocity v. The square of its norm is given by 


(le)? —ÀÀ = i M z? a zy 
= [a-e - (1-0 af] - a} = 2? (32) 


and therefore invariant. 


Time-like vs. Space-like Distances Invariance of the norm of four- 
vectors implies that distances of two four-vectors, Avi!, = af — x$, which of 
course are four-vectors themselves, can be decomposed into three cases: 


1. Time-like distances: Az, > 0. 
A boost can be found in such a way that Ax‘, = (At, 0), or, in other 
words, the spatial positions of x; and x2 are identical. Events at four- 
positions x; and zr» can be causally connected. 


2. Space-like distances: Az?, < 0. 
A boost can be found in such a way that Azfa = (0, Az), or, in other 
words, the temporal positions of x, and x2 are identical. Events at 
four-positions xı and x2 are not causally connected. 


3. Light-like distances: Az?, = 0. 
A boost can be found such that Az‘, = (0, 0), and events at four- 
positions x; and x2 are on the same light-cone and can be causally 
connected through an interaction acting with the speed of light. 


The connection of distances with causal structures will become important 
at a later stage during the lecture, cf. Section ??. 


Inverse Lorentz Transformations Inverse Lorentz transformations are 
given by using velocities and rotations with a negative sign with respect to 
the originals. This can be used to construct inverse Lorentz Transforma- 
tions by expressing the squares of transformed and original four-vectors in 
component form: 

r’ = x'g ya” = A” z g' AY a! = at g ‘gia? (33) 

u nv v uv 

Or 


M Spud” 1 = gylyl - (34) 


UA 


Since no system is preferred the metric tensor must be the same in all 
systems, i.e. Iw = gy» and therefore 


AP poA r — UNT) N ie = g (35) 
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This implies that 


(A7), = (ATI) = AJ, (36) 


i.e. transposition is the inverse of a Lorentz transformation. 


2.5 Lagrange and Hamilton Formalism for Point Particles 


Lagrange Function Consider a point particle with kinetic energy T and 
a set of generalised coordinates q;(t) and velocities q;(t) = dq;/dt that are 
suitable to describe its motion in a potential V. The Lagrange function is 
given by 


L(ai(t), a(t), t) =T-V (37) 


and gives rise to the action 


S(t, to) = | La), (0), 0. (38) 


to 


Principle of Least Action Minimising the action by employing virtual 
small perturbations of the particle’s path e; and 6é;, taken to be zero at 
the endpoints tg and tı, will yield the Euler-Lagrange Equations of Motion 
(E.o.M.). This is also known as Hamilton’s Principle or Principle of Least 
Action. Under the usual assumption of an explicitly time-independent La- 
grange function and suppressing for a moment the time dependence of the 
generalised coordinates and velocities, this yields 


ty 
ôS = n dt |L(gi + ei, di + €i) — Lig, di)] 


ti ti 
ðL ðL OL dðL OL)" 
= fa LE = fa l5 ood] | Gd is 
t 


to 
where in the last step the term with €; has been partially integrated. 


Euler-Lagrange Equations of Motion Since the variations e; are as- 
sumed to vanish at the path’s endpoint the last term vanishes, demanding 
that the integral reduces to zero for arbitrary perturbations yields the Euler- 
Lagrange E.o.M. for systems without explicit time dependence: 


OL ddOL 
EN chal 4 
Og dt 04; £ (40) 
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Canonical Momentum and Hamilton Function Introducing the canon- 
ical momenta 


OL 


pi = Ls (41) 


and expressing the generalised velocities through the canonical momenta p; 
allows to construct the Hamilton function as 


. : .OL . 
H (pi, qi) =a — L(qi, aa) = T —- L(qi, à) - T -V, (42) 


identical to the energy of the system if it is not explicitly time-dependent. 


Hamilton Equations of Motion The Hamilton equations of motions 
are given by the two sets of coupled partial differential equations 


. — dpi _ OH 

PT dt 04; 

.  dqi OH 

pa 4 
ger Op; (43) 


Poisson Brackets Poisson brackets are another possibility to express the 
Hamilton E.o.M. they are defined by 


(fg) a iru. (44) 
They have some interesting properties, for example 
e anti-commutativity: 
{fi gh —-—19 Ft (45) 
e bilinearity (a and b constants): 
{af bg, h} = a (f, h} + fg, h} (46) 
e Jacobi identity: 
(f (o hee h +h th oH=0 (47) 


In particular, the Poisson brackets for the canonical coordinates (positions 
and momenta) enjoy the following simple properties: 


(ai dj) = {pi pj} = 0 
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(ai, pj} = 553 - (48) 


Equations of motion can therefore be expressed as 


1 OH 

pi = m Ogi = {pi, H} 

; OH 

&- + 5 = {an H}. (49) 


The time evolution of any function f(p;, qi, t) can be evaluated using the 
chain rule, 
df Əf. Əf. of 
—l—did pi ={f, H}+ 
dt Od; Opi Ot 
This translates into explicitly time-independent f are constant of motion, if 
their Poisson bracket with the Hamilton function vanishes?. 


Of 
X (50) 


2.6 First Quantisation of the Harmonic Oscillator 


Hamilton operator In a first step, the Hamilton function is written in 
terms of the usual canonical position and momentum, and position, momen- 
tum, and Hamilton function are promoted to operators ?, resulting in 

^ 1 mu? 

H--—-$4——4. 

am? * 73 

Note that we have used natural units, setting A = 1, and in the following we 
will also set m — 1 to ease the notation. 


(91) 


Commutator of Position and Momentum  Quantisation is achieved by 
demanding that the position and momentum operators have a non-vanishing 
commutator ^, namely 


[$, p| = $p — pe = i. (52) 


Creation and Annihilation Operators To cast the Hamilton operator 
into a form better suited for analysis, creation and annihilation operators ât 
and à are introduced as 


a= € (ve È+ EN ) 
v2 vw 

?Note the similarity of the Poisson brackets to the commutator in Quantum Mechanics. 
It is, however, important to stress that the functions here are not operators acting on a 
Hilbert space, but just functions. 

*Throughout the lecture we will denote operators through a^symbol. 

^Remember the Poisson brackets? Of course, as functions, the sequence of their product 
is irrelevant, but as operators this is not the case anymore. In this respect the commutator, 
although not connected to any derivative, behaves quite similarly to the Poisson brackets. 
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[à, a] = [at, at] 20 
=1. 


[à, ât] (54) 


Hamilton Operator Expressing the Hamilton operator from Eq, (51) 
through the annihilation and creation operators yields 


P+ a = Z [a at) a ah 


= 3 (aat i ata) = = (|à. ât $ 2âtâ) — (dta 5) (55) 


Number Operator Rewriting the Hamilton operator as 


Hau(aa+ 5) -o (n + 5) (56) 


with the number operator 


It has commutator relations 
[N, à] =a" and [N, a] = -â (58) 
with the creation and annihilation operators. 
Eigenstates Denote the energy eigenstates and eigenvalues with 
H |E) = E |E) (59) 
it is easy to check that à | E) is also an eigenstate of the Hamilton operator, 
a A lY. 
Hà|E) =w (v4 5) à |E) 
EC ME OG . 
-of [45,4] ea (ez) n = ces mam (60) 
with eigenvalue (energy) (E — w). 
Using the fact that eigenvalues of Hermitean operators, such as the position, 


momentum, and Hamilton operators, are real numbers and realising that 
the Hamilton operator is made up from squares of Hermitean operators with 
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squares of real numbers as eigenvalues, implies that there must be a smallest, 
non-negative energy with a corresponding lowest-energy ground state of the 
system. Denoting this state as “vacuum”, the only way to guarantee that 
there are on lower energy eigenvalues is to demand that the annihilation 
operators annihilate this state, 


à|0) = 0, (61) 


thereby justifying once more the interpretation of à as annihilation operator. 
Conversely, excited states are created by repeated application of the creation 
operator, 


at |0) = |1) (62) 


and so on. Applying the number operator suggests that the vacuum contains 
zero quanta, thereby justifying the notation of |0) and similarly that the first 
excited state contains one quantum: 


Ñ |0) 20 
Ñ |1) =ataat jo) = ât (|à. al | + ala) |o —1.af|o — 1|D . (63) 
'This suggests that the number operator enjoys the eigenvalue equation 
N |n) 2 n [n) (64) 


for eigenvectors (eigenkets) |n). 

It is worth commenting here on the states. They populate a Hilbert space - 
put in somewhat sloppy terms, this is a vector space with a finite or infinite 
number of dimensions, which has a meaningfully defined scalar product. 
'This scalar product allows to define a measure of distance and the length 
of a vector in it. Hilbert spaces are complete as well, which means that we 
can safely define limits etc.. 


Eigenvalues and Eigenstates of the Hamilton Operator Eq. (56) 
results in the realisation that the Hamilton and the number operator share 
the same eigenvectors/eigenstates, the |n). Plugging in numbers allows to 
directly read off the ground-state energy E as 


frio = 710) = Eo|0) , (65) 
and similarly 
^ 1 
Ê |n) =w(n+5) |0) = E, |0) (66) 


with eigenvalues (energies) En = w(n + 1/2) for the energies of the excited 
states. 
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2.7 Problems & Solutions 
1. Levi-Civita symbol 
(a) Show that for the Levi-Civita symbol in three dimensions, 
ciikgilm _ gilgkm _ gimgkl 
cik ciil — ogkl 


idk gk —6 


(b) and that for the Levi-Civita symbol in four dimensions, 


vpo lo! i. 4 oo’ (on d c 
PYP e pet = cce (gd que! Ligas oux Y 
vpo o! oo! 
Co ewp = — 6g 
QT e dudol = — 24. 


Solution 


(a) Levi-Civita in three dimensions: 
First of all, it is improtant to stress here that we use Einstein’s 
convention over repeated indices throughout. 
To have a non-vanishing c€'* the three indices must be different. 
Without any loss of generality this implies that 7 Z k and | Z m 
must be fulfilled for the product c'e" to be different from 0. 
In addition, 7 has to be different to both j and k and to | and m, 
and the sum collapses to only one term (three dimensions, so i, 7, 
. are numbers in (1, 2, 3}), where j and k are identical to | and 
m, so either j = | and k = m, or j = m and k = l. These are the 
two ó-terms. The first term, with the positive sign, emerges from 
ijk and ilm being both either cyclical (eF = 1) or anticyclical 
(ci^ = —1), with {ijk} = {ilm}, while the second term, the one 
with the negative sign comes from {ijk} = (iml) and one of the 
two being cyclical implies that the other is anti-cyclical. This 
proves 


etik lm = » Ce = fil gkm 3 fd gk 
i 


For the product ^e?! similar considerations apply. Demanding 
that i, j Æ k and i, 7 ZZ | means that k = | must be fulfilled and 
i Æ j means that for a fixed k, there are two combinations possible 
for ij, either cyclical or anti-cyclical. Therefore e'*e/j! = 26 | 
Finally, for €'/*&J*. it suffices to count how many permutations 
of {ijk} = {123} exist to arrive at e'^e'^ = 6, 
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(b) Levi-Civita in four dimensions: 
The identities for the totally antisymmetric tensor in four dimen- 
sions follow from using the same logic as before. The realitve 
minus sign in front of the expressions is relatively easy to ex- 
plain with the signs in the metric tensor, since for the spatial 
components g?” = —65??", 


2. Boosts and Rotations 


(a) Calculate the effect of two consecutive boosts in z-direction, given 
by rapidities 7; and 72. Do the two operations commute (i.e. 
what happens if you reverse the order)? 


Hint: Use that 


cosh a cosh 6 + sinha sinh 8 = cosh(a + £8) 
cosh a sinh 6 + sinh a cosh 6 = sinh(a + 8) 
cosacos 3 + sin asin B = cosh(a F £8) 
cosa sin B + sin a cos B = sinh(a + £) 


(b) Repeat the exercise for two consecutive rotations around the z- 
axis with angles 01 and 05. 


Solution 


(a) Recalling the boost matrices 


cosh, 0 0 -—sinhm 

0 1 0 0 

Bi, = 00 1 0 
—sinhg» 0 0 cosh 71,2 


and therefore, consecutively applying boost 2 after boost 1 
cosh n2 0 0 — sinh n2 cosh 71 0 0 — sinh nı 
S 0 1 0 0 0 1 0 0 
BoB, = ( 0 0 1 0 ) ( 0 0 1 0 ) 
— sinh n2 0 0 cosh 93 — sinh nı 0 0 cosh nı 
cosh(mi + 72) — sinh(ni + 72) 
0 0 
x Ü = B Bo. 
— sinh(ni + 72) 


cosh(n1 + n2) 
(b) Similarly, the rotation matrices 


ooro 
Oroo 


1 0 0 0 

R = 0 cos015 —sinĝı2 O 
12 [| 0 sin 0019 cosAi. 0 

0 0 0 1 
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and therefore, consecutively applying boost 2 after boost 1 


1 0 0 0 1 0 0 0 
R R — 0  cosĝ2 — sin 62 0 0 cos 01 — sin 01 0 
21411 = 0 sin 05 cos 05 0 0 sin 01 cos 01 0 
0 0 0 1 0 0 pu -I 

1 0 0 0 

s 0  cos(0i--02) —sin(@; +62) 0 xA 

m O  sin(04 + 03) cos(01--09) 0 e Ry R2 = 

0 0 O0 1 


3. Inverse Lorentz transformation 
(a) use the invariance of distances under Lorentz transformations 
gc 
to show that 


[A^] = A,” 


(b) what is the form of inverse Lorentz boosts and rotations along or 
around the z-axis? 


Solution 


(a) 
z? — gwaa Sa =p t — gus AP 2 A? a 
= Jw = Ipoh? Ay 
— OL = Iwg” = gpeg A A, 
=> On = gps N°" AP, 
=> = = AA., 


Written in matrix notation this implies that 
AC! = gATg 
(b) Using the metric tensor to raise and lower the two indices, yields 


A,” = Gulag 


il 0 0 0 cosh u 0 
- Oz i «0 0 0 1 
m 0 0 —1 0 0 0 
0 0 0 —1 —sinhu 0 
1 0 0 0 cosh u 0 0 sinh u 
= 0 —1 0 0 0 —1 0 0 
V 0 0 —1 0 0 0 -1 0 
0 0 0 —1 — sinh u 0 0 — cosh u 


onoo 
a | 
E 2. 
Boos 
2 > 
e 
S 
AAEN 
ooor 
colo 
a 
oloo 
= 
| ooo 
DM 
Ns an 


AL c 
umo g 
Book 
e e 
ooro 
oreo 
2 p 

Hn 
oor 
e e 
b 4 
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cosh(—u) 0 0 sinh(—u) 

7 0 10 0 

D 0 0 1 0 i 
sinh(—u) 0 0 cosh(—u) 


as expected for boosts along the z-axis. Similarly, for rotations 
around the z-axis 


jo 
M 
coor 
lo 
ong o 
Boo 
is) 
un 
of Bo 
oo 
ÍÓDooo 
Nu 
m 
Z5 
coor 
colo 
m 
oloo 
= 
looo 
u 
Se 


LEM. 
ooor oooÍ| ooonue 
colo 
loo 
ul 

looo looo 
un 
"ooo Nt” Ne 
aa um ON 
ooo} 
Il 
na 
oulo 
Eg 
oo 
lg 
csto 
aD 
ina} 
looo 
e 
LL 


( 0 0 

— cos 0 — sind 

m sin ð cos 0 , 

0 0 

1 0 0 0 

|. | 0 cos(-0) sin(-0) 0 

~ | 0 -sin(-0) cos(-0) 0 |" 
0 0 0 1 


again, as expected. 


4. "The Generators of the Lorentz group 


In this problem we will derive the generators of the Lorentz group and 
prove some of their properties. 


(a) consider a general, but infinitesimal Lorentz transformation and 


— 


write it as 
NS Or Un. 


Show that the infinitesimal parameters w,, are antisymmetric. 


Due to their anti-symmetry, there are only six independent wy, 
which shows that the Lorentz-group is a six-parameter group. An 
arbitrary Lorentz transformation can be obtained by 


U(w) = exp Ed ; 


where the M uv are the generators of the group. We obtain them 
by considering infinitesimal transformations and comparing co- 
efficients. Chooisng generators from three infinitesimals boosts 
along the x, y, and z-axis and the three infinitesimals boosts 
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around the x, y, and z-axis we arrive at: 


000 0 010 
; {ooo o0 r 100 
Rage E tee E EE e 
001 0 000 

000 0 001 

, {0o00 = , 00 0 
GS as ssh NG. Gy ca: ^g y S care dg. 0 
100 0 00 0 

00 0 0 0.00 

x {00 -10 Y 000 
Re Mam o9 gw 967 Mw--*| 9 0-0 
00 0 0 100 


Convince yourself that their commutation relation 


Lm Mpo| =i (Guo Mp + Svp Myo — gupMys — Ivo My) 
holds true. Define 
Mi Leg. and Ñi = Mfg 
and their linear combinations 
lo 


KP = 5 (a7, + iN) 


and use the general identity to prove that their commutators are 


given by 


[X#, X¥] =éeieX# and [X#, XF] =0. 


Solution 


(a) Using Eq. (35) we can write 


gu'v/ = AP Suv i = (o^, Rd w^.) Suv (6", + Ws 


= uw I Uy! ul i Wy! yl } O(u?) 
and therefore we must demand 
Wy! p! + Quy! = 0 — Wy py! = —Wyly! ; 


i.e., anti-symmetric w. 
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(=e e a DO occ 


[= a a E 


2 


(b) Let us consider a number of cases, namely the commutator of two 
two boosts, of two rotations, and of a boost and a rotation. 


| Mou, Moz = igooMi2 = iM 
| Mo, Khs] =  —iguMosg = iMə3 
| Mou, Nha] = igi Moo = —iMoz 


We then have, for the vanishing commutator, 


xut ee Tbe. A e d s FP 
[x5 7| SA Fae + iMio, a imn Mmn 7] 


ie; A t léi ^ e 
dcin |o, Minn] F ikl | Mia, Mjo + | Mio; is] 


2 


i f €ikl€j ^ E y y 
= 4 [3mm (gio Mm + gim Mkn — gkm Min — gin Mi) 


i€; " A " n 

T us (gin Mom in gomMin E Jim Mon ot gon Mim) 
Lil ^ ^ a ^ 

T em + gij Mko — gk; Mio — goi) 

= goo } 


j 1 ES "E " ^ 
i p (96m — 55) Mion + (P7875 — 545) Nun 


i ^ ^ 1 ^ ^ ^ 
T5 [ciim Mos = cin Mis F 5 [eing Mao = ca Mio| = its) 


i lr. À A z is 
T Ro i-i |i + Mji + Mji + Nr — Mij 
i 7 : : 2 
T3 [eim Mom — €jimMom — Eim; Mmo + tóm Mono] } 
i 


E A 7 5 
= | Mji Mits [sss 121-1] P 7 0, 


where, in the last step, we have used the anti-symmetry of the 
Levi-Civita Tensor and that Mom =— on In the treatment of 
the terms proportional to only one of the Levi-Civita Tensors we 
also realised that terms of the form €;;,g,0 vanish — after all ejj; 
is only defined for permutations of the spatial dimensions, i.e. 
(i, j, k} € perm({1, 2, 3}). We also took into account the sign 
for space-like components, i.e. gik = —dix. 
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The non-vanising commutators in contrast are given by 


> 
> 


[se 


412 


xi l€jmn | d 
2 


EN lEjmn 
2 
4L CCikl 


F gooi } 


1/1 ^ 
e | in [cud E 


Mio, Mmn 


^ 1 
È i Mio, a imn Mmn ele 


1 €ikl€jmn | y; 
AV a [Met son 


ie; ^ ^ X n 
| + | Mia, Mio | = | Mo; its 


2 


il 


1 ( GRE; ^ A A n 
4 {wee (Gin Mim F Jim M kn = GkmMin gin Mim) 
(Gin Mom F Jom Min m Jim Mon gon Mim) 


(oroj gi gı; Mko = grj Mio zi gio Mirs) 


j 1 u TW ae T ` 
i fe | (^5 — 3789) Hu, + (878E — 595) Nin 


— (gings — S gi Min — (gil gm — 5°55) Mm 


i 
F- 


2 
1 
4 


1 
“4 

a 
ig 


[ciim Moy = €jin Mis H 
[eim Mo, — €jimMom — €imj 


= [its LE ico 


|i A Mji + Mii T Xr + Mij 


i a 5 " 
un [eing Mio = «ij Mio] + its) 


Mmo + tim Mono] } 


7, is + Mij F 5 [ciim Mo. (1 +1+1+ 1 } 


2 

and direct comparison with the definition of x, 
Rois i€;; X SEA 

L€ijmX m = s (“zs Mrs + iino) 


2 2 


: | i iM, o| i 
p rs + m m 
"M hi DNO 

5 E (Nij — Mji) + 


yields the desired result. 


sÓjr ^ 


i | dirdjs — Ôi 
2 2 


Mps + ilis 


2 |i; ul io] cux 


This proves that the six generators of the Lorentz group fac- 
torise into two groups of three generators, where each group has 
a commutator structure that is identical to the one enjoyed by the 
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generators of the angular momentum group, and where the gener- 
ators of the two groups do commute. In other words, the Lorentz 
group SO(3, 1) decomposes as SO(3, 1) = SU(2)&SU (2), hinting 
at a deep connenction between the Lorentz group and spin. 


5. *Poincare transformations 
The Poincare transformation U(A, a) is defined by the combination of 
a Lorentz transformation, A 5, and a shift in space-time, ap, as 


g^ — z^ = A" a" + ah, 


(a) Determine the product, the unit and inverse of the resulting 
group. 
(b) Verify that 


U- (A, O)U(1, €9)U(A,0) = U(1, A 1e) 
and show that this implies that 
UA, OPV (A, 0) = (A DV Ê, . 


Use this to determine the commutator |M m- IA of the generators 
of the Lorentz group and the momentum operator. 


(c) Show that 
U- (A, 0)U(A, 0)U(A, 0) = U(A^!AA, 0) 


and use this to prove the commutator relation of the generators 
Mpu from the previous problem, i.e. 


[Mw Mpa] =1 (qup Mus z Juo Mvp = pM uo + GvoMyp) : 


Solution 


(a) Let us start by the product of two transformations, U(A, a) & 
U(A, à) i.e. 


g^ — r" = A" (Ae? + à") +a", 
and we can read off that 
U(A, a) @U(A, à) = U(AA, AG + a) 
the product is given by a product of the Lorentz-transformation 


with a shift given by the sum of the Lorentz-transformed first 
shift and the second shift. 
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The unit element is obviously given by no Lorentz-transformation, 
the unit matrix plus a zero shift, U; = U(1, 0) and the inverse is 
given by 

Ub a) SOCK —A ta). 


To check this explicitly, show that 
g^ = U-(A, a)U(A, a)a" 
= (AHE (Ara? + à") — (A7})# a” 


gia? + (Aa — (ATHEA = zë, 


as expected. 


g^ = (ADE [9, A427 + e] 2 a^ + (ATHE e” 


as demanded. Using the fact that the momentum operator is the 
generator of infinitesimal translations in space-time, the e,, we 
see immediately that the relation above implies that 


UA OP DONA TUB: 


V 
m 
indeed holds true. 

To calculate the commutator of the momentum operator and 
the generators of the Lorentz group it is important to remember 


that Lorentz transformations parametrised by w,, are generated 
through 


U(w, 0) = exp (itie) =1— 5 Msn TO. 


see the previous problem. Using the transformation law for the 
momentum above, and specify it for an infinitesimal Lorentz 
transformation we therefore have 


(: + - Mute ) T (: 5 Mw 3 = (0^ == wt) P, 
du y a ^ qu" ^ A 
2 (X, B, — P,Myw) = UT US? "E gus Ps) 
| Mu, P,| = gvc P) — echo ; 


where in going from the first to the second line we ignored terms 
quadratic in w and we explicitly anti-symmetrised the right-hand 
side when lifting the Lorentz index of the wf% to reflect its prop- 
erty. 
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(c) Start with 
xt = UTHA, OOK OU (A, Oa eA: “SAN qe 


as expected and specify it for an infinitesimal Lorentz transfor- 
mation for A= 1-- à. Then 


(A AA), = 54 + (ACA a, 


and, in analogy to the treatment of the infinitesimal translations 
we can use this to deduce the transformation law for the genera- 
tors of the Lorentz transformations, namely 


UNOM EON D) S (A TUAM yas 


Specfiying this for infinitesimal boosts A = 1+ w we find 


(1+ Su) Hip (1 — Sit”) — (8 = AE ees 


and ignoring terms of order w? and anti-symmetrising arguments 
as before we arrive at 


iu)" 


Mum = Mpo Myv) = (95 E oyu) My 
wH” ^ 


n 3 (qup Mus = Juo Mvp — GvpMpo + Ivo Mus) 


and therefore we find that the commutator indeed is 
Lm I'M =í (gus Mus i Jno Mp = Svp Myo dE gus My) . 
In addition to the known commutator 
ESSEN 
this fixes the algebra of the Poincare group. 
6. Lagrange and Hamilton Formalism: Example Systems 
For all of the three systems 


(i) Free particle in three dimensions; 


(ii) Mathematical pendulum in one dimension, in the small-angle ap- 
proximation; 


(iii) Particle in two-dimensions in a central potential 


analyse the E.o.M. through the following steps: 
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(a) write down the Lagrange function; 
(b) derive and solve the Euler-Lagrange E.o.M.; 


c) construct the canonical momenta; 


) 
) 

(c) 

(d) find the Hamilton function; 
) derive the Hamilton E.o.M.; 
) 


try to directly infer constants of motion where possible. 


e 


( 
(t 


Solution 


(a) 


(ii): L = —— 6? — mgl? 


2 
(ii): L = T (? +1r°6°) - V(r) 


(b) For each coordinate q we have 


_ aL OL 
| dtôġ ôq 
and therefore 
(i): 0 = më 
(ii): 0 = mË + mgl 


(iii): 0 = m(r?0 + 2r76) 


0= ae 
Or 


(c) For each coordinate q we have 


and therefore 


(iii): pg = mr? 
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(d) Summing over all coordinates and momenta i 
H-M' üp-L 
i 


and therefore, replacing generalised velocities with the momenta, 


1 
(i) = mii L xo 
i 1 
(ii): H = mi?60-—L = 5,,: P9 + mgl6* 
- 1 1 
(iii): H = mr?00 - mi —L. = = pe + ayaa - V(r) 
(e) Using 
ð d à you 
Pi 5 —,— 8nd qi = TAZ 
qi Opi 
we have 
p=) and i = 2 
= m 
(ii) : po = —mglð and Å = P 
2 
eium EH. ON MS 
(iii) : Pr T T and è = m 
po = 0 and @ = a 
mr 


(f) In (i), the momentum is conserved, component-by-component, 
i.e. p = 0, and in (iii) the angular momentum pg is conserved. 


7. Conserved energy from Hamilton function 
Show that the energy is conserved of a system described by a classical 
Hamilton function without explicit time dependence. 


Solution 


Hamilton equations of motion: 


OH OH 
li = F Ji = = ; H = -QL = 
Ser m qi a Ga 


if L is not explicitly dependent on t. 


OL. ƏL at _ ( y OL. dL 


9,1 * 9j! di OL OF ae aE 
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n gfOb) Ob. Ob. db a (Ob, 5 
= Alay 3843 84! dt at aq? 


d /OL 
ert 
uon v) 


where Lagrange E.o.M. and L = T — V have been used with T and 
V are the kinetic and potential energy. Using Euler's theorem for 
homogeneous functions, 


if the kinetic energy is a quadratic function of generalised velocities q 
(which is usually the case), and if the potential does - as usual - only 
depend on generalised coordinates. 


This shows that 


dT-V) _ dE , 
dt df 


Alternatively: 


XH SOL, GHG OH 
dt pdt Oqdt Ot 


= qp — pq + Bt (using Hamilton's equations) 
u OH 

Ot 

=0 if H not explicitly dependent on t. 


8. Quantum Mechanical Harmonic Oscillator 


(a) 


Starting with the Lagrange function 


D= 


2 2 f 
calculate the conjugate momenta and show that the Hamilton 
function reads 


Promote the Hamilton function to the Hamilton operator of Eq. (51) 
and use the commutation relation of the position and momentum 
operator to show that the commutator relations 


lâ, a] = [à!, at] 20 
[à, â] 21. 


of Eq. (54) hold true, where the creation and annihilation oper- 
ators are defined through Eq. (53). 
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(c) Re-express the Hamilton operator first through the creation and 
annihilation operators and then through the number operator. 


Evaluate the commutators [N, â] and [N, ât]. 
(d) Use the fact that a|0) = 0 to calculate the wave function of the 
ground state in position space, i.e. 


Vo(a) = (x|0) 


To do so, you have to express the annihilation operator in position 
space and suitably transform (x|à|0). 

(e) Speculate about the spectrum of the fermionic quantum har- 
monic oscillator, given by the same Hamiltonian, but where the 
creation and annihilation operators ât and à anti-commute: 


{â â} = a@+ata-1 
{4,4} = {âf â} =0 
Solution 
(a) Momentum 
(COL. os 
P= 62 


and Hamilton function 


A = pt- L = p t+ 


(b) Hamilton operator 


Hon Pe ue 
With 
we find 
â, â] = ™ = (ie a+ a) =0 
aa] = - mE (neus a) =0 
[aa] 2-0 (a-pa) =-5 (ea) 


(c) 


Express f and $ through à and ât as 


Il 
+ 
bo 
3 | = 
€ 
fo 
Q> 
+ 
ERA 
A MED A 


and therefore 


&-5| pup uds rari 
= 4 (a it) 1 (a 1 2 | 

= 5 faat cata = «aeg E ees 
Commutators: 
IN, a] —a'aà —aà'à =ataa—ataa—faata <= —à 
[Ñ, at] =ataat—atata =ataa—ataat+fa,ahat = +at 


Transform the annihilation relation into r-space as 


ssa - J Goa) 
- Jon Ce aleve) 


Realising that the first bracket projects out the eigenvalues of the 
position operator, 


(z| a) = (o — 2); 


and transforms into a derivative w.r.t. x for the momentum op- 
erator, 
^ faat / —ið 
x| pla) = d(a — x£ )— 
ala!) = 6(@ — a) 


and that the second bracket is nothing but the ground-state wave 
function in position space, we find that 


TRU) 1 ð 
s 2 ( | V xk) vo(z), 


which has the solution 


(20) = vo ~ exp |- 


mez] 


2 


Excited states can be obtained in a similar way, by realising that 


w(x) = (x|1) = (2lat|O).... 
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(e) Writing, in full analogy, the Hamiltonian as 


f=u(W-5) =w(ala—5) 
will lead to the same ground state, 
aj0)=0 — Eg--w/2 
Repeatedly applying the creation operator à! will result in 
|1) = à'0) 


but because of 


1 
atat = = fal at} =0 
a'a 2 a', a 


the application of creation operator on the first excited state will 
annihilate it: 


áàl|1) = atato) = 0 


and therefore the fermionic harmonic oscillator has only 
two states with energies Eo) = Fw/2. 
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3 Classical Fields 


In this section we re-derive the Lagrange functions for classical fields. For a 
more exhaustive explanation of how to make the transition from a discrete to 
a continuous system, chapter 13 of Goldstein [9] may be helpful. There, you 
will also find a good derivation of the Euler-Lagrange Equations of Motion 
for fields. If you are mainly interested in using the formalism in the context 
of the course, you may want to consult Sec. 2.2 of Peskin & Schróder [1]. 


3.1 One-Dimensional Lattice 


Setup Consider a system of massive particles with identical mass m, ar- 
ranged in a one-dimensional lattice with positions €;, and with their motion 
confined along the lattice direction. The kinetic energy of the system is 
given by 


T= 2» 80 (67) 


Coupling the particles with springs with constants k yields the potential 
energy 


V- $3 (60 - EO, (68) 
and the Lagrange function 
L=3 Y [me -k EnO- 6)" 


: 2 
x T Y [m (22) k ee Ai , (69) 


where a is the equilibrium separation between the particles. 


Euler-Lagrange E.o.M. To arrive at the E.o.M. for a specific n; we have 
to take into account that for the same index i the displacement rj; shows up 
twice in the sum over the differences, and therefore 


ied L 23 (07 &(t)  &(t) rus 
- [ido y (107 &(t)  &(t) 223] (70) 


where the second line was obtained after factoring out one power of a, and 
by identifying u = m/a as the mass density per unit length, and Y = ka as 
Young's modulus of the continuous rod. 
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Continuum Limit Going from discrete lattice distances to a continuum 
can be understood as replacing the index i with a position x, &;(t) > E(x, t), 
and by taking the limit a — 0 for the lattice spacing. The £ differences 
become 


tim EO- 4) _ pm EETA Dele Oat) en) 


a0 a a—0 a Ox 


Summation over i translates into an integral over x, 


as — dz (72) 


and the discrete Lagrange function of Eq. (69) turns into the Lagrangian 


L= 5 | ae pë -Y (3) (73) 


for the continuous rod; from now on we suppress the arguments of the €. 
Going back to the equation of motion, Eq. (69), and taking a closer look at 
the second term in the limit of vanishing spacing a 


(= s) , (See) S 


220 dig O£(x + a)/Ox — 0£(x)/0x " O?£(a) 


a0 a Ox? 


, 


(74) 


it is clear that this is a second derivative, and the E.o.M. for the continuous 
elastic rod therefore is given by 
PE PE 


Map 532 —0, (75) 


with longitudinal waves as solution. 


Lagrange Density The previous considerations suggest that it is sensible 
to introduce a Lagrange density 


 pn(800V Y(8eV 


which becomes the Lagrange function through integration over the (one- 
dimensional) space, 


p 1 dx£(£, 8£JOt, O€/Ax, x, t) (TT) 
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and the action S, as usual, by integrating the Lagrange function over time, 
t n 
Sine [ot face. (78) 
to zo 


In the rest of the lecture course we will assume that Lagrange densities 
depend on fields and their derivatives only and do not explicitly depend on 


position or time, t.e. 
oE O€ 


Euler-Lagrange E.o.M. To arrive at the Euler-Lagrange equations of 
motion we will proceed as before, by minimising the action with respect to 
virtual variations of the fields £ and their derivatives, 


Elx, t) > (mt) = Elx, t) + oc(m, t) 
O&(z, t) O£(r,0) _ O(a, t) OC (x, t) 

at à Ot = jun." UP (80) 
md AeA) CD RNC CD 

Ox Ox m Ox Ox 


Here a is a parameter that steers the size of the variation, while C(z, t) rep- 
resents an arbitrary function which vanishes at the endpoints of the integral, 
i.e. at times to and tı. Minimising the action with respect to the variations 
is achieved by 


oco oL ? 6) ac Us 
LE af dj 0b Oa s a(%) are i n) 


Because the variation vanishes at the endpoints, integration by parts allows 
us to replace the last two terms by 


ti tı 
hi ac o o) = / * OL 006 49 2E 06 
ot a( $) Ot ða 9t a( ) ða 
to at to Ot 


[os 3 r ae E OL 0 at PR 0t 06 tg 
Ox al 9€ Ox Oa Ox ə 8£A Oa 
zo Ox zo Ox 


Putting it all together results in 


ty X1 
o fa fact [2 ee 2a] w 
JEZORO 


to zo 


33 


and, finally, the equations of motion 


9 E. 8 a (84) 


ôt a (36) | Ow a( 36) 0€ 


This of course is relatively straightforward to extend to the case of two or 
three spatial dimensions, by essentially replacing the derivative w.r.t. x with 
a gradient, 0/Ox — V, and by replacing the one-dimensional integral over 
x with an integral over full space, f dr — f dx. 


Lorentz-Invariant Formulation The treatment of the fields in the La- 
grange formalism until now has not been Lorentz-invariant, and we are going 
to rectify this now. The first thing to note is that in a Lorentz-invariant 
framework, the integration should not distinguish between time and space, 


suggesting to move 
tı Tı zi 
fu fee —À n (85) 
Xo zb 


to 


A simple calculation will show that the integral over the space-time volume 
is boost and hence Lorentz-invariant. In a similar way, the two derivative 
terms in the Lagrange density in Eq. (79) will be amalgamated such that 
the Lorentz-invariant Lagrange density is given by 


L=L (E Gi) (86) 


There is one big caveat, however. This Lagrange density must be a Lorentz- 
scalar; pictorially speaking, all indices must be contracted. This implies that 
terms of the type 0,€ must come at least in squares, like, e.g. (0,,€)(O"E) 
such that the two Lorentz-indices are contracted off. 

To obtain Euler-Lagrange equations of motion from the action 


$= if d^ L(E, 9,6) , (87) 


steps similar to the one before will be necessary. In particular, we will now 
demand that the virtual variations of the field vanish on the surface of the 
d?z-integration, leading to 


gt 


d$ f , facae | aL O(0,6) 
= fate [ros " (OnE) Oa 


m 
To 
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ot (OL OL OL oE 

= 4 | di 

= J te m m aaa) te aaa 09 
at 

The last term is a four-dimensional volume integral over a four-dimensional 


divergence, which vanishes with the vanishing virtual variations of the fields, 
and we are left with the Euler-Lagrange E.o.M. for relativistic fields 


ə OL OL 
"0(0,£) 0€ 


=0. (89) 


3.2 Scalar Fields: Real Scalars 


Know Thy Equation of Motion! The desired equations of motion are 
a good starting point to construct Lagrange densities for realistic and physi- 
cally relevant examples of relativistic field theories. We will first consider the 
probably simplest case of a free real scalar field ¢(x), i.e. a field that does 
not interact with other fields or with an external potential ?. To see how 
this works, let us start with the well-known Schródinger equation, where 
the starting point is the kinetic energy, given by E — p?/2m. Substituting 
derivatives for energy and momentum, E — id; and p — —iV or pi =10;, 
we arrive at the E.o.M., i 


ð 1 8 


ign) + gatto) =0. (90) 


In the same vein, we start with the relativistic energy-momentum relation, 
E? = p +m? and find the Klein-Gordon Equation 


8? 
(a-e +m?) (a) = (g0 +m) oa) =0.) (OD 


Solutions to the Klein-Gordon Equation The solution to the Klein- 
Gordon Equation, Eq. (91) for a fixed momentum is given by 


olz) = a(k) e ike as a” (k) p. (92) 


where a(k) and a*(k) are the (complex) amplitudes for the plane-wave so- 
lution for a fixed wave four-vector k, which satisfies the implicit “on-shell” 
condition k? = ke — k? = m?. Of course, we could also sum over many such 
waves and we arrive at 


3 $ S 
(x) = lara [a(k) gra ibe |. (93) 


5Note that application of external potentials would introduce an explicit dependence 
of the Lagrange density on the space-time coordinates x. 
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A few comments are in order here: 


1. In Eq. (142) we have directly used the continuum limit. This neces- 
sitates the integration over all momenta instead of a summation over 
a discrete set of eigenvalues for the momentum. The latter would be 
the case for example when second quantising on a lattice with lattice 
spacing a, where the eigenvalues for the momentum are discrete and 
behave like kn = n/a. 


2. The measure of integration, that sums over the different wave vector, 
should better be Lorentz-invariant. It is not trivial to see immedi- 
ately that d°k/(2k9) fulfils this criterion. To realise that this is indeed 
the case, let us start with a manifestly Lorentz-invariant integration 


= | à 22 ase] 


d3k 
26 ce NS 


where the d*k obviously is a boost and rotation-invariant quantity, the 
factor ó(k? — m?) encodes the (Lorentz-invariant) relativistic energy- 
momentum relation necessary to ensure that the quanta behave in a 
physically sensible way, and O(Ko) projects on positive-energy solu- 
tions. In performing the kg-integration we have used a property of the 
ó-function, namely 


ó(x — zi) 
da= 5, an (95) 
| zi: f(xi)=0 f (xi) 


which replaces the integral over the ó-function of a function f(x) with 
an integral over a sum of its zeroes x; (given by f(x;) = 0), normalised 
by the first derivative of the function at the zero. 


Klein-Gordon Lagrange Density It is simple to show that this equation 
of motion, cf. Eq. (91), can be obtained from the Lagrange density 


2 
Ln, 6) = 50,9) (0*9) - Te. (96) 


Note that, wherever the dependence is self-evident, we will ignore the ar- 
guments of the fields from now on. To see this, let us plug this Lagrange 
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density into Eq. (89), with the obvious replacement £ — ¢. 


jap E _ a6 
| "O(0u0) OH 

o|l(3,9)(0^9)) og] 
70. t aA 8 7 it 


where we have replaced the Lagrange density in the first line with the rel- 
evant parts of Eq. (96) in the second one. The first expression looks a bit 
tricky and, naively, it seems as if derivation w.r.t. 0,9 would only deliver 
50" — this however is wrong, and it is easy to see why. Rewriting this part 
component by component we would arrive at terms like 


19009 , 109 _ 9 
20t ds 20t OP 


(98) 


and similar for the spatial components. Another way to see this is to rewrite 
the Lorentz-scalar of the derivatives with other indices — replacing the ws 
with v’s in the Lagrangian (it doesn't matter, they get contracted anyway, 
so I can sum over J/'s, vs or any other symbol I chose as Lorentz index) 


9 [io 8 [g^ 
xs aene] = xs [e 
E ud ó( Ip?) ( vo) 
BE. [veg 0(0,9) Ag e 
vp 
x > [(8,0)95 + (859)07] = OM (99) 


'Taking into account of this insight, we ultimately arrive at 
0 — 8,0" 6 tm e, (100) 


as requested. 


3.3 Scalar Fields: Complex Scalars 


Two Real Scalars = One Complex Scalar Consider now two such free 
real scalar fields, $1 and $2. The Lagrange density reads 


2 m2 


- x 9 9,0;)(0 $i) Tig (101) 


i=1 


2| 


If both masses are equal, m4 — m», the two real fields can be re-arranged 
into one complex one, 


$1 + ibe 
e an 


eSB 


(102) 


or 


Pte -i(9 — ¢*) 
= d EU MD m 103 
Qı 2 an. $» Và ( ) 
'The Lagrange density for the free complex scalar field then becomes 
L = (IL p) — MHH. (104) 


It is important to stress here that while the fields ¢ and ¢* are connected 
through complex conjugation, they still encode two independent degrees 
of freedom and therefore must be treated as independent quantities when 
analysing the structure of the Lagrange density, or deriving E.o.M.. 


Equations of Motion The E.o.M. are obtained in the now familiar fash- 
ion as 


OL OL 
S| cea EN o H Ae 2 b* 
0 ETC D6 0,0" $* + m^ó 
OL OL 


0-38 


x 2. 
"IOP OF 0,0" 0 +m $. (105) 


Note that, as we have two independent degrees of freedom (the two fields), 
we have two E.o.M., obtained by differentiating the Lagrangian with respect 
to each of the two fields. 


A Simple Symmetry Inspection of the Lagrangian of Eq. (104) reveals 
an interesting invariance under rotations. Transforming the fields as 


$ — $' — exp(i€)o , g“ > 9" = exp(—i0)9* (106) 
with a constant angle 0, we have 
L > L = Oud hg) — mY 
= [o,(e7*é*yo^(e*6)] — me7*é*)(e^é) - £. (107) 


Clearly, the Lagrangian and therefore the action are invariant under this set 
of transformations. 


Conserved Current However, let us for a moment look at this from a 
different perspective, and demand invariance, by setting 


0 =6S 


SEO 


Zi O£ Scag) + 2 54*| (108) 


TM Ea o 
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Realising that, for example, 
óó6— d -—G=(e%-1)d = 0,(0)-9(0,0) (109) 


and using the by now familiar trick of integrating by parts, we arrive at 


. ac ee NOL of 
6S = fa {io [ee ab PEE 106 E: EE 


ac BE. n 
+ 804 ore R a 


The first line of the result above equals 0, by virtue of the E.o.M. for both 
ġ and ¢*, and in order for the second line to integrate to 0 we must have 
OL OL 
0=0 | p“ 
"| O(Oue*) (Oe 


This implies the existence of a conserved current, i.e. 


e| =a, eto - eol. — qun 


8,j" =0 (112) 


with the current obtained from the equation above 


P- lona) = (are")9| = vs. (113) 


Here, we have introduced the compact shorthand notation 
S 
a g^ b = l (0"b) — (^a) : (114) 
Conserved Charge The current from Eq. (113) implies the existence 


of a conserved charge Q with dQ/dt = 0, constructed by integrating the 
temporal component over three-dimensional space, 


Q- [eer (115) 


In the case of s scalars this means that 
3 * 
Wao | as 5 et (89) — (Od " 


E os -[evi- (116) 


for the three-current vanishing because the fields are assumed to vanish for 
|z| — oo. Here, we have used the fact that the current is conserved, 


Lj” = 8,5 eM pes — Oy = Via (117) 
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3.4 Vector Fields: Maxwell’s Equations 


A Little Game of Symmetry Assume you want to introduce two differ- 
ent three-vector fields. From a (classical) symmetry point of view, they can 
be distinguished through parity, i.e. one of them is parity-odd — a “proper” 
vector — while the other one is parity-even — an axial-vector. We call the 
parity odd fields (or 17 in spin-parity notation) E, and the parity even ones 
(or 1*) B. Now let us assume that you only want to allow first derivatives 
of the fields, 0; and V and scalar and pseudo-scalar charge densities pp,p 
and corresponding currents j,, p- Then you can sort resulting quantities by 
spin and parity as in Table 3. l 


name JP allowed terms 
scalars 0* V-E,pg 
pseudo-scalars | 07 V-B,pp 
vectors 17 O,E, V x B, Jy 
axial-vectors 17 V x E, OB, j m 


'Table 3: Terms in Maxwell's equations, by spin and parity 


Symmetry to Dynamics Each of the four rows in Tab. 3 collects possi- 
ble terms in one of the four equations defining the system, and this is where 
we will introduce data to the game. First of all we identify E and B with 
electric and magnetic fields, respectively. Then we realise that to date no 
magnetic monopoles have been found, and therefore there is no magnetic 
charge density of current, pg = 0 and j,, = 0. Adding lastly that electrody- 
namics is a theory of light, and thereby fixing prefactors and signs we arrive 
at Maxwell's equations 


MoE 
VxB-OQE = 4nj, VxE+aB = 0 


Il 
n 
Aj 
> 
les] 
< 
[Gy 
Il 
c 


(118) 


Note that we absorbed the usual factors of eg and uo into the definition of 
the charge and current, and we have used natural units with c — 1. 
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The Vector Potential The left column in Eq.(118) suggest to use a scalar 
potential ®, which we denote as A?, and a vector potential A and write 


E=-VA°-0,A and B- Vx A. (119) 


Of course this now forms a four-vector potential A” = (A9, A), and we will 
continue the analysis of electrodynamics mainly based on this object. 


Gauge Transformation and Gauge Invariance One of the first bene- 
fits of introducing the vector potential is that it is relatively easy to formulate 
gauge transformations. To this end we introduce an arbitrary scalar gauge 
function, A(x), under which A(x) transforms as © 


A" — AF = A^ — OFA, (120) 
and therefore 
EB = —V(A°=60°A)—(A+V-A) = -VA -3A = E 
BoB=Vx(At+V-A=VxA=B, (121) 


where we have used that rot: grad of a scalar function vanishes. This suggest 
that it would be beneficial to express the theory in terms of gauge invariant 
quantities made from A”, to directly encode this symmetry. 


The Field-Strength Tensor One such gauge-invariant quantity is the 
anti-symmetric field-strength tensor 


0 —E, -Ey —E, 
E 0 -H, B 
uv _ OH AV _ gv AP — T z y 
F OQ" A" — 9" A E, B, 6° B. (122) 
E, 9D. Bz 0 
and another such tensor is its dual, 
0 —Ba -By —B; 
~ 1 B 0 E —E 
pv — ewop = © z y 
Fw = Dg" mE, B,-E 0 B (123) 
B, E} -Es 0 


They allows to express the inhomogeneous and homogeneous Maxwell’s 
equations, i.e. the left and right column of Eq. (118), as 


(124) 


ð FY = 4nj" and ð PP =0. 


SRemember that 0” = (O:, -—V)! 
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Lagrange Density in Terms of the Fields There are various ways 
to express the Lagrange density; a version probably familiar from previous 
lectures expresses it through the electric and magnetic fields and reads 


E? — B? : 
L= Ex porj-A. (125) 


The E.o.M. are obtained in terms of the potential ¢ and A, using the fact 
that the electromagnetic fields are expressed through their derivatives. This 
also fixes the two homogeneous Maxwell equations, i.e. the right column of 
Esq. (118). This also implies that we are left with the task to check if the 
Lagrange density above yields the correct inhomogenous equations — the left 
column of Eq. (118). 

For example, for ¢ we have: 


OL 
0677 
O(0o[Ory) 4r O(0Q/Ox,) x (126) 
where 
OE, 
JOI (127) 


follows directly from Eq. (121). Assembling all parts, and making the sum- 
mation over repeated indices explicit therefore yields Gauss’ law, 


o oL OL V-E 
= —=——+p=0. 12 
2» la: EI ap dm ur den 
Similarly, for an arbitrary component of A, A; we find 
DE. - ol 
OL  — Hi OF} _ Ei 
O(OA;/Ot) 42 O(OA;/Ot) ^ 4m 
OL m Bk OB, y es By, 
O(0A;/0x; 4m O(OA;/Oz;) "4m 
OL B; OB; B; 
= es ces 12 
Joad)  4n O(0A, Oa) ^ "am $29) 


where Eq. (121) has again been used, noting that, expressed in component 
notation 


B= V x A —3À Bk = CijkOi Aj . (130) 
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specialising ? = 1 we are left with Ampere’s law, 


1 (OB; OB, 1 ðE . 
=0 131 
An & =) dn 0t. 7 ue 
or, in vector form, 
OE 


Lagrange Density in Terms of the Field Strength Tensor One ob- 
vious short-coming of the form of the The Lagrange density in Eq. (125) is 
that it is not manifestly gauge-invariant. This can be overcome by recon- 
structing a Lagrange density not in terms of the electromagnetic fields but 
rather in terms of the field strength tensor. Rearranging factors of 4v and 
introducing an overall sign we arrive at 


1 
L = - FP Fy — Anja A. (133) 


For the “source” term j" A,,, which couples the potentials to charge and cur- 
rent densities, we have assumed the so-called “minimal coupling", typically 
of the form source - fields, in a Lorentz-invariant way. This form also fixes 
the gauge transformation of the four-vector current j". The (E? — B?)-term 
is replaced by a product of field-strength tensors, by realising that 


0 -E, —E, —E, 0 -E, -E, —E, 
Be 0 cB. By E» 0 B, -By 
= Tr 
E, B, 0 -B E, -B, 0 B: 
| E, -B, B, 0 E, By -B, 0 | 
—E? e. ° ° 
S e —E2-B2- B2 ° ° 
° e. —Ez + B2 + B2 ° 
e e e -E + B? + B? 
— 2(E? — B?) 


(134) 


3.5 Hamiltonian Formulation 


Hamilton Density In analogy to the case of point particles, momenta 7; 
conjugate to the fields ¢; are defined through 


_ O£(ói, Oni) 


ms) = 98,4) 


(135) 
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and a Hamilton density is constructed as 


H= M mdi — CL. (136) 


The Hamilton function reads 


H- | Ernos Ti) = [ee (556 = c) (137) 


Equations of Motion Similarly to the case of point particles, the Hamil- 
ton E.o.M. read 


OH ; OH 


—=-7; and = 
On; 


Qi- (138) 
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3.6 Problems & Solutions 


1. General Solutions for the Klein-Gordon Equation 


Consider a real scalar field, given by thr Klein-Gordon Lagrangian, 
Eq. (96). 


(a) Proof that the solutions to its Equation of Motion, Eq. (91), are 
given by the expression in Eq. (93). 


(b) Calculate the Hamiltonian and momentum for a free scalar field 
using their definitions, 


H = ; ‘| d?z [(0,¢)? + (V9)? + m??] 
Pus d / dx (9) (V) - 


Solution 


(a) Inserting the solution for the Klein-Gordon equation from Eq. (93) 
into the E.o.M. yields 


| en? / n facie ean den 
- f aire, tbe het eet e met 
= | ae k? + m?) fae + are 


3 ; ] 
| oss ko + E +m?) facie + ate -0 


because of the relativistic energy-momentum relation ke = k? + 


m?. 


(b) Inserting the solutions into the two expressions for the Hamilto- 
nian and the momentum results in 


H=; J d*z [(A.0)? + (V9)? + m?d?] 


4 J qno e ad 
= 2] “32k (2)32q0 


a(k)a(g)e ***9* [-koqo — k- q + m?] 


+ a(k)a" (g)e 1-9 [kogo — k - q 4- m?] 


E a” (k)a(g)e  *-97 [kogo Ls q+ m? 
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d a* (k)a" (ge **9* [—koqo = k- q+ v] 


= | d?k d?q 
.. 2] (21)32ko (21)?2qo 


a(k)a(g)(21)?8? (k + g)e ~to [kogo — k -q + m?] 


+ a(k)a* (g)(21)?8? (k — q)e 10074970 [kogo + k -q + m?] 


+ a* (k)a(g) (2)? 8 (k — q)e*!09799*» [kogo + k - q + m?] 


M a* (k)a" (q) (2)? 9? (k 4 g)e (o+40)e0 | — koqo k -q + zal 


H i oon 


a(K)a(—k)e *Vo ko)" [-k3 + k? + m?] 


+ a(E)a* (keno to)20 [k + k? + m?] 


L a* (k)a(K)e* o7 ko)ro [k k2 m?] 


ES a*(k)a*(—k)et**o+ho)x0 [—ké Hs k? ES zal 


3 
= à] aero «()a*() + alha" (H) 
dk . 
EL 


and 


2 feel d*z (0,6) Xe) 


d? 
- -f i a ERI z be { 


a(k)a(g)e 9 (kog) + a(kJa*(q)e 79 (— og) 


+ a* (K)a(g)e 79 (— kog) + a* (k)a* (e+ (kag) | 


/ dk d3q 
= kog 
(27)32ko (21)?2g9 7 


a(k)a(q)(27)°5° (k+ g)e od) 
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— a(k)a* (g)(2)38? (k — g)e ho 40)20 


—g* (K)a(g) (21)? (k = g)etilko—a) 0 


+a*(k)a* (4) (27)?8 (k a ead 
d?k 
a as kok 
/ (27)3(2ko)? ok 
a(k)a(—k)e thot ko)vo <i a(k)a* (k)e~tko—ko) x0 


+a* (k)a(k)eti*o— Fo)o Fa (k)a* (iet 


3 
f Gore TO + a) 


3 
= loa k a(k)a*(k) 


where the terms proportional to ka(k)a(—k) and ka*(k)a*(—k) 
vanish due to the symmetry of the integration. 


2. *Klein-Gordon Equation in Two-Component Form 
Introduce a two-component form of the real scalar (Klein-Gordon) field 
as x = (X+, x-)”, where 


_1/(4, 206 
«i (ot Lu) 


(a) Rewrite the Klein-Gordon E.o.M. in the Schródinger form, i.e. 
as 


iOX _ 
P e 
and construct the Hamiltonian as a 2x2 matrix. Solve the energy 
eigenvalue equation Hy = Ex. 
(b) Consider the non-relativistic limit where the solution of the E.o.M. 


has the form 
x(t) Se "PD (0) 


for the time-evolution of the fields and where T is the kinetic 
energy. What does this imply for the relative sizes of y+ and x? 
Expand the product T'x.4 (0) to second order in T and deduce the 
first relativistic correction to the Hamiltonian. 
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Solution 


(a) The trick is to construct a Hamiltonian which makes sure that 
unwtend terms such as single derivatives of ¢ w.r.t time vanish. 
So, looking at 


idx _ i ( Oói/m]ó Y _ y 
0t 2\ dd—i/mard ) — 7X 


we realise that the Hamitonian must assume the form 


y? 1 1 1 0 
n=- a)*(à E 


because then 


v? o m o+1/mad 
FR -E( —ó ) +3 —$ +i/mard ) 


V m, i i Lag 
B am? + got 399 - MU 7 ag d 
y? m i i l2 
F6 — sot 506 29:9 * 3,010 


This gives rise to two two identical equations, namely the Klein- 
Gordon E.o.M., 


Oe — Vo 4 m?$ — 0. 


To solve them, let us look again at the Hamiltonian, given by 


V? 1 1 1 0 
H = -> 
xau x "(i zi 
y2 v2 2 p? 
E Im t Mm 2m |o] àm ^m 2m 
i v? v? i p? p? 
2m Im — M Tm ome M 


in momentum space and solve the equation Hy = Ex. The 


energy eigenvalues are given by Ex = +,/p? + m?, as expected. 


(b) From i0/0;x(t) = Hx(t) we find that 


2 2 
7 x+(t) E > Fm Y x+(t) 
(m F ) =. y2 y2 
x- (t) 2 TES x-(t) 
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and therefore 


V? V? 
(m+T)x+ = - (i: -m) X* = 34X- 

v? 2 
(m+T)x- = (= - ike us 


From the equation for y_ we see that we can approximate 


v? v? 
2m(2m +T) - V? Xt Am? 


X- = X+° 


in the non-relativistic limit where m > T, V?/(2m). This sug- 
gests that xy. is the smaller of the two components. Using the 
approximate result for x... in the equation for y+ results in 


Xe Ve 
T Eee ee 
st 2m ( Ue Z) ae 
and the first relativistic correction therefore is - V^/(8m?). 
3. Euler-Lagrange Equations of Motion 


Find the Euler-Lagrange Equations of Motion for the following La- 
grangians 


(a) real scalar field 9: 


1 m? À 
L= 3 (ub)(O"9) = Pu m a? 


(b) “funny” vector field A, 


m? À 
L = —(0,A")(0, A") + zy AA" + 5 (044^); 
(c) massive vector field A": 
1 m? 
L=—--F,,FY L——ALAU; 


4 2 


(d) complex scalar fields ¢ and ¢* plus the electromagnetic A": 
1 V * : * s. * 
L = — 3 Fw F + (0,9* + ieA 0") (0,0 — ieAu0) — m*o; 


where in all cases 


Fv = Op UA. 
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Solution 


Before starting to derive E.o.M.’s let us first look at some relevant 
derivatives that appear more than once: 
OF o(ð Ay — OVA ss 
Bares ONE vw) — gp oe — oho? 
9(8,4;) 0(0,A5) 


and therefore 


1 F ae RS 1 OF 1 
v = Prey nv = Fev DAC _ ~p,o 
4 O(OpAc) 2  0(05As) 2 (92.90 = IIn) 
= -5 Cee _ F°?) — po — pop 
and 
1a OPEM 
= ð, F = OA” — 0°(0- A). 
4°? Q(8,Ac) p (0. A) 


(a) We quickly arrive at 


| +m? + >| $ — O0. 


(b) There are three terms to evaluate: 


1 0(m? A?) 8 ve 
22m 9 PRA 
AO(8-AY — gn gy pee 
Vaga c MON O- 4) AD A) 
8[-(0,A")(8,A") — yy OO A") p (Op A”) 
057 AOA) = 79» (A aaa) tA 7308,47 


= -—0P,[(8,A")g*" g;, + (850, A")g"" g; | 
= —90,0" A? = —98* (ð - A) 
and therefore we arrive at 
(A — 2)0°(8- A) - m7? A? =0 


(c) Previous results mean that we only have to put terms together 
and arrive at 


8, F^? + m2 A? = [g?(O+ m?) - 0,0°]A? = 0. 
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(d) Here we have three active fields and arrive at: 


(— 


- 050^) AP 


( 


+m)o 


( 


+m?)¢* 


4. Massive Vector Field 
The Lagrangian of a massive vector field V, is given by 


ie 9*0" 9 — $0" 9*] + 2€7b* pA" 
2ieA^ 0,9 + ie9* 0, A? — e? Ag" 
—2ieA^0,Q* — ieg“ 0, A? — e? A? Q* . 


1 2 
£ — VV + = WV", 


where the field strength tensor V,,,, assumes the usual form 


Vup = p Vo UL Yu. 


(a) derive the Euler-Lagrange equations of motion from the Lagrangian. 
(b) show that the condition 


8,V" =0 


is a consequence of the equations of motion. 


(c) use this condition and construct three linearly independent po- 


transformation 


Solution 


(A) 


larisation vectors ej; 


(k) that satisfy this condition, or after Fourier 


ku (k) = 0. 


(a) For the various derivatives we find 


oL 


and therefore 


1 OV, 
ype Av 

2 O(OpVo) 

1 1 
a VUS Og) a CE) seus 
= mV?, 

OL OL 

9o 508, Vr) DV, OpV mV 0. 


Forming the derivative (four-dimensional divergence) of the E.o.M. 
of part (a) of the problem yields 


9, (O,.V°° -- mV?) = md-V = 0. 
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(c) Assuming the momentum being oriented along the z-axis, we have 


k” = (w, 0, 0, k) with w= yk? +m? 


and therefore the following three polarisation vectors are orthonor- 


mal: 
0 0 K 
Qe p Djo 3). 1 0 
€ 0 € 1 , € E 0 
0 0 —w 


5. Electrodynamics with gauge-fixing term 
An alternative form for the Lagrange density of the electromagnetic 
fields reads 


1 1 
proc pde 5 (04^) — 4nj, A" , 
where 


pu" — Q^ Av — o" A" 


is the field strength tensor for the vector potential A". The additional 
term 1/2(0 - A)? is also known as “gaug-fixing” term, and in this case 
corresponds to the Lorentz gauge. We will come back to this in Section 
6 of the notes. 


Show that the Euler-Lagange E.o.M. lead directly to a wave equation 
of the form 


A" = 0,0" A^ = 4mj". 


Solution 


Using A" as the dynamical variable, the Euler-Lagrang E.o.M. read 
OL OL 


Let us first rewrite the product of field strength tensors, 


AFARA - ; (aa^ - 9^ A") (8A. — As) 


= ; 0" ^0, Ay — 0^ AO) A, — 0^ A 0, Ay + AO) Ay 


- 5 [ONAN 4. - 04044. . 
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where in the last step we have used that the first and last term are 
identical when swapping A and « in the last term — which is allowed, as 
both are just repeated indices summed over from 0 to 3, and similarly 
for the second and third term. 


Using the fact that 
OPA) po 
IA IIx 


we can write 


0 1 KÀ PON ET 
o(0" Ar) 1G a” Fa) = EX. 30-35 [0^ 4^0 Ax = OAD An 
E 8(0"A^) |... 4 Plk An) 
= EHE A. LL (ar Any * --O*A ar an) 
Q(0^A*) ae 4x 9(045) 
Ona Saran 2 ^ BAS 


1 
uis da [EN oo, + 0* A* gu gy, — 054. 9 QU 0" A^ grup 


= Áy — 05 
In addition 
2 | laal eA A 
O(0" Ar) -3k | = -On 9iv9, — TOKA Juw. 
'Therefore 
yv US i v 
Oran O= Ay — 0,(0- A) = — A". 
Combining this with 
OL i 
gan T TSn 


yields the desired result. 


. Free Schrödinger field The Lagrangian of the free Schrödinger Field 
is given by 


£ = É (gag - 6:6") — EG) (VA) 


(a) write down the equations of motion for the Schrödinger field. 


(b) show that the conserved current is given by 


P-éé. j- PY- óve^), 


i.e. Show that „j = 0 
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Solution 


OL oL oL 


_ "e > * | lwv2A4x* 
) = Ógas - Yaw ~ ap = We + o? 

|. OE aL MP 
0 = Rae) — Yaw) ~ age = C59 + wv 


0," = (609) - UEY — GYG) 
= [otio + 0106") 


i 


5 [E + é'V!o- (Vé)(ve^) - ove" 


=¢ [C - =v") ó +o [C + v") d | 


and both terms vanish under the E.o.M. above. 


7. *Equations of Motion with Boundary Conditions 
Consider a real scalar field in 1+ 1 (time--space) dimensions, with an 
action given by 


+L 
-Foo 1 2 
s-[ i di |; 8,906) - Te 


Find the Equation of Motion for the field $, and discuss the importance 
of the boundary terms. 


Solution 


'The E.o.M. are obtained by minimizing the action, 7.e. 


Os Os 
= 6S == —~—. 6(0 ——Ó 
: 500,9) 049) * gg? 


— oo 


+00 ig 
T dt f dz [(8"¢)6(3 p) — mosg] 
M. 


— oo 


+L 
f "a f de (80800) — (2:0)00:0) ~ mosd] 
L 
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+L 
[T ae f ax (09006) - (026) 24160) - modo] 


= jus (819)500 = Í dt (079) 
SE (8.4) | e IE da (820)06 
-f dt i da m? $66 
P sapien BBS 
= / de (ehd | a dt Je de (O + m*) 959, 
-L 


where we have assumed, as usual, that the variations of the field vanish 
for t — +00, 6¢(t > +00, x) = 0. 


This leaves us with the equation of motion 


(D 4- m?)9 — 0. 


This however holds true only either if the (Dirichlet) boundary condi- 
tions 


OO. x = +L)=0 


or if the (Neumann) boundary conditions 


O03 £ = +L)=0 


are fulfilled. The latter are better suited for the solution of our prob- 
lem, since they are formulated as conditions on the field ¢ or its deriva- 
tive and not on its — in principle arbitrary — variation ó9. 


. Symmetry and Conserved Current 
Consider the Lagrangian density for two real scalars ¢1,2 given by 


1 


2 2 
£= 5 | ao^) (0,620762 ote 03] - [ot + d 


e Show that it invariant under the transformation 


$1 $94 = cosl dı — sinl à» 
$2 > $$ = sin0$i--cosÓ do. 


e Construct the corresponding conserved current and charge, 
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Solution 


e To see the invariance of the Lagrangian it suffices to realise 


1. that the angle 0 does not depend on space-time, and therefore 


0,01 » = cos 00,61,» F sin 021 , 


2. and that the mixed terms œ cos 8 sin vanish in the sum of 
squares (0,91)? + (8,95)? and ¢? + 9, leaving only terms 
x (cos? 0 + sin? 0) = 1 behind. 


e To construct the conserved current we use that 
2 
. OL 
Iu = = PCA 60; = 0401001 + OpG2db2 
i=1 t 


and that to first order in the angle 
661.2 = #12 — $12 = ÓÓ24 
Therefore the current 
ju = 9401001 + 0402002 = 0 (6104,02 — 30,01) 


is conserved, 0"j,, = 0 — easy to see when using the E.o.M. on 
the evaluation of 0" 7j,,. The conserved charge is given by 


Q= ILEO — bi¢2). 


9. *A SU(2) Symmetry 
Consider a doublet of conplex scalars 


d= ( $1, $2 ) 
with dynamics defined by the free Lagrangian 
L = (8,9) (0" 9) — m?9!9. 


(a) Show that this Lagrangian is invariant under the three-parameter 
transformations 


$ — $! = exp EA o, 


with the three constant real angles 01.2.3 and where the co, are 
the three Pauli matrices, 


er cone (0 Si EER 
iS, Pa PTZ 0o)? SZI- 


which enjoy the commutation relation 


[ds gj] = 1EijkOk 
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Solution 


(a) Because the angles are constant, the derivatives do not act on 
them, and we only have to evaluate terms of the form 


exp E exp E — exp x H — exp iz ; 


where Z is given by the Baker-Hausdorff formula as 


1 1 1 
Z=X+4+Y4+-—|X, Y] + —[X, IX, Y] — —|X, |X, Y PIC 
Making the summation over a and 6 explicit and using that ol = 
Oa, the commutator is given by 


3 . 
6.95 ieh O40 
LX, Y] zz: `> 4 [0a, op] = 5 4 = 0, 
a,b=1 a,b=1 


because we multiply a symmetric tensor with an anti-symmetric 
one. This means that we have 


iba 4 iO Ld). 4, wo iB 
exp = la exp tg = exp B 5 0, 2 2 o| — 1. 


a=1 b=1 


Therefore, the Lagrangian density is invariant under the SU(2) 
symmetry. 


10. Energy-Momentum Tensor 
The energy-momentum tensor for a Lagrangian given as a function of 
a set of fields {ġa} and their first derivatives (0,94) is defined as 


|. a 
(upa) 


(a) Can you identify the T°? component? 


que 0$, — giv L. 


(b) Can you identify the T? component? 
(c) Using the Euler-Lagrange E.o.M., show that it is a conserved 
quantity, i.e. 


a,T"" = 0. 


(d) Show that for the free real scalar field, the energy-momentum 
tensor is symmetric, T” = T", 


(e) Verify that the interpretations of T°° and T” from questions (a) 
and (b) are correct for the free electromagentic field. 
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Solution 


es 7 auti m ms = LS H 


the Hamiltonian or energy density of the system. 
(b) 
l ƏL .. l l 
TH = 7 P ba = g? £ = Tab Dees 
Oa 
the components of the three-momentum density of the system. 


(c) Direct calculation yields 


oT" =ð, TEN Mba — g” L 
z aay t + JET ts o£ 
E te waaay Ob 
pub ERES sie 


as demanded. 
(d) Direct calculation: 
=, L 
| O(0,0) 


= - (FAE [(0,9)(0*9) - m2g?] = TH, 


THY avd d g” L 


as expected. However, there may be more complicated Lagrangians, 
where the energy-momentum tensor is not symmetric. 


(e) The free field Lagrangian is given by 
1 V 1 v V 
L= -Q4.PwF" E ~ 7 084 — Ap) (0t A” =O Ar): 


Energy density: obviously there are no term Ag due to the sym- 
metry of the F"", this means in the summing over field compo- 
nents we can concentrate on the A; 


. E? — B? 2 2 
-2L d np cs m RC 
OA; 2 2 


00 
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the energy density of the field, as expected. This, of course, was 
clear from the beginning, since we already explicitly calculated 


T® = #H in (a). 
Momentum density: the momenta conjugate to A,,, 7, are given 
by 
OL { To = 0 
Ty a. E = 
0A, m = Fi 


This implies that we only have to look at the spatial components 
of A,, and 


T9 = Ej A, = (Ex By, 


the jth component of the Poynting vector, which encapsulates 
the three-momentum density of the fields. 


To see that this identification actually holds true, consider T?!. It is 


given by 
OA, Az 
Ea ( 0x3 Ox, ) 


Ay OA 
T°! = EjBy- EB = Ea (o J 


Ox} Ox» 


3 
ð OA, OA, OA, 
= Ae emu ae an eee 
2 nad ( E T ? 0x2 us T3 
NEN S a 
= ia ee = E;,—Ai —-V- (AE), 
2 E.VAÀ 3 5; 4 - X (AE) 


where we have used that due to V - E — 0 in the absence of charges, 


E.VAij—V-(AjE) - AAV- E—- V-(AiE). 
The last term in our expression for T?!, V. (A, E), is a total derivative. 


'This means that, when we integrate over all space, this term will vanish 
and we are therefore free to ignore it. 


59 


4 Second Quantisation 


At the beginning of this part of the course you may have read the title and 
asked yourself: What does second quantisation actually mean? Haven’t we 
already quantised the theory? The answer is that in “first quantisation” 
we quantised the position and momentum of point particles. This led to 
important properties related to our ability to measure them — the uncer- 
tainty principle — and to a crucial reassessment of the inner working of the 
world around us, replacing Laplace’s demon of deterministic physics with 
a determinism of probabilities. So while in this first quantisation we re- 
placed the real numbers x and p with operators $ and p and constructed 
wave functions for the emerging states, in “second quantisation” we quantise 
something else, namely the fields. Consequently, x and p become “ordinary” 
numbers again, which serve as arguments of the field operators ĝ and 7. 
This step necessitates the introduction of a new state. While, formally 
speaking, the states of Quantum Mechanics constitute a Hilbert space, the 
field operators act on objects in a more complicated Fock space, which is not 
labelled by eigen-positions or momenta, but by the number of field quanta 
of a given momentum. We will, however, not discuss the properties of these 
vector spaces in the lecture. 

Simply put: while first quantisation quantised the point dynamics of Clas- 
sical Mechanics, leading to Quantum Mechanics, second quantisation pro- 
duces a Quantum Field Theory. 

If you like to do some additional reading, I would recommend to take a closer 
look at Chapter 3 of Hatfield’s book [3], in particular sections 3.1-3.4 or at 
Sections 2.3-2.4 in Peskin & Schroeder [1]. 


4.1 A How-To Guide 


Process Summary The process of second or field quantisation follows the 
logic of the familiar first quantisation programme, with suitably replacing 
position and momentum with the field and its conjugate momentum, and by 
replacing the 6’s of the commutators with ó-functions of the positions. This 
proceeds in a relatively straight-forward “algorithmic” fashion, as outlined 
in Fig. 1. The crucial part in it is to demand equal-time commutator rela- 
tions between fields and their momenta, which also fixes a Lorentz frame in 
which the field quantisation is performed. Obviously, there are other choices 
for such a programme, for example a quantisation on the light-cone, which 
however is beyond the scope of the lecture here. It is, nevertheless, im- 
portant to stress that despite the implicit choice of a Lorentz frame during 
quantisation, the resulting theory has the correct causal properties. This 
will be shown towards the end of this section. 
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How-to: Second Quantisation 


1. determine conjugate momenta of fields: 
7 = 0£/0(0.9) = 0£/0ó 


2. construct Hamiltonian as function of fields ¢ and their mo- 
menta 7 
H= fax (on - c) 


3. promote fields and momenta to operators, ó —> d, IT 


4. demand equal time commutators of fields and momenta 


[a(t 2), #(t y)] = %(e-y) 
[be 2), ét] = [86 2), at, y)] = 0 


5. express fields as linear combination of plane waves and anni- 
hilation and creation operators (which will “inherit” com- 
mutator relations) 


where summation is replaced with integration for continuous 
momenta k. 


Figure 1: The steps performed during second quantisation 
in form of an “algorithm”. Details will be worked out and 
highlighted through examples during the course. 


4.2 Second Quantisation of the Real Scalar Field 


Lagrangian: Fields and Conjugate Momenta Starting with the La- 
grangian of Eq. (96), 


1 i m? 2 
Llano, 8) = 5(0,8)(0"8) — 2, 
the conjugate momentum reads 


n=—=¢. (139) 


Hamiltonian The Hamilton function therefore is given by 


H = f dx [rs] = / dr um (Vo)? + m?9? | . (140) 


Field Operators and Commutators Promoting the field and its con- 
jugate momentum to operators, ó(x) > (x) and m(x) — f(x), we demand 
the equal-time commutators, 


ét 2), ôt, )| = [8(6 2), &(6 y] = 0 (141) 


Creation and Annihilation Operators The field and the conjugate 
momentum is expressed through creation and annihilation operators as 


bt) = f ae [ae + attaye] 


i(x) = » [5:79 |-ikoá(k) e * 4 ikgal(k) eet ; (142) 


where we have obtained the momentum operator through straightforward 
calculation of the derivative #(x) = p(x). Comparing the expression for 
the field operator (a) in the equation above with the solution to the Klein- 
Gordon equation for the classical field ¢(x), Eq. (93), we recognise the same 
pattern of an expansion in amplitude factors and plane waves. But while the 
amplitude factors for the classical field are merely numbers a(k) and their 
complex conjugate a*(k), they become operators for the quantised fields, 
and the complex conjugation turns into an Hermitean conjugate’. The in- 
terpretation is clear. While for classical fields every value of the amplitude 
is allowed, in quantised fields the amplitude is composed by adding finite 
quanta. This “amplitude quantisation” is reflected by using creation and 
annihilation operators from which the field “inherits” its quantised proper- 
ties. We will build on this in the following by expressing the Hamiltonian 
through these operators, by creating a number operator, and by analysing 
their inherent properties. 


Commutators of the Creation and Annihilation Operators To cal- 
culate the commutators it is necessary to express, in a first step, the creation 
and annihilation operators through the field and conjugate momentum op- 
erators. To see how this works, let us first try to combine ¢ and # in such 


TAs a result the field operator is Hermitean ĝ = $i, which guarantees that it has real 
eigenvalues — as you would expect from a real scalar field. 
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a way that the annihilation operator à drops out. Multiplying, inside the 
integral, the expression for ¢ with ko and 7 with ¿i and adding the expression 
for 7 we arrive at 


* oda) - i&()]" = I x: " [2ikyat (geh 


3 ; ; 
E / css d De baut, des) 


which looks suspiciously like the Fourier transform of ât times a factor. 
Therefore, Fourier-back-transforming yields 


[avec =| kob(a) = ift(a j] = f ze SP d? E: at (g)e It £gikovo 


= n x y (k — q)à! (g)e'Poto — at (k)et*oro 
(144) 


After rearranging and repeating similar steps to extract the annihilation 
operator à, 


ü(k) = if Brett [Eod (x) + ia (x)| 
= I [Eod (x) - i&(z)] : (145) 


The equal-time commutators of the creation and annihilation operators can 
be readily calculated as 


ate), ag] = f aad ye [rode iêlo), qo) i| 
= f ied Go ), (y) w)| - te), w) 
Hito [tot] +a [sn to] 


= ] odit L —0— ko? (a I y) + qoo" (y Z 


= freta- fw V 2 


— gi (Fo--q0)vo [s = kx)} (27) (k +q) =0 (146) 


because k = —q from the ô function implies that k? = g and therefore kọ = 
qo. Similarly, with the only difference being an ultimately inconsequential 
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relative sign in front of both momentum operators and in both exponential 
factors, 


[a (E), â'o] = 0. (147) 
ai hie eave a aah caleulatine 
[at ag] = f abeatyet* liso) iC). ét) = i) 
= [eiie aas Ft. ey] + [ste to 
-iko otc), 4t) + ia a), à Y 
- i Prdryeie—iay L — 0 + koó?(z — y) + qoó?(y — 2) 


= pane as (s F w)} 


ME { ko + w)} (27)°5°(k — q) = 2ko(2m)*5°(k — q) 
(148) 


Putting it all together, we arrive at the following set of commutation rela- 
tions between the creation and annihilation operators 


(ak), a(@)] = tw, ato] = 0. (149) 


Hamilton Operator In a next step in our analysis of the theory we ex- 
press the Hamilton operator of Eq. (140) through the creation and annihila- 
tion operators. A somewhat tricky part are the quadratic terms such as ¢? 
and similar. For them, we need to use the expansion of Eq. (142) for each 
factor, leading to two integrals over three-momenta k and K’: 


H- pees E [+ + (vày d 


ES JE dk deh: 
1)?2ko (21)?2kj 


a(k)a(k!) E LAM zl zoe 


+a(k)a'(k’) E kokhkk' + m?! g i-a 
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+a (93) soil! +m? ento 

+a" (a! (E) |- — kk! + m?! green | 
= I d?k dèk’ 
~ 2S (2m P2ko Qr)92k, 


(2r)359 (+k + k') e * o9 a(k)a(k’) [ok — kk! +m? 


= 


N 


gj (2r)?5?(+k = k^) e (o K)vo à(k)à! (Kk!) 


^——— 


EN (21)?69 (—k + k^) eti(ko—ko)xo à! (k)a(k’) 


+koko se kk. T m?! 
+koko + kk’ T m?! 


r1 


—k — Kk) etilkot+ko)xo at (k)à! (Kk) |- 6 — kk! + m?! } 
3 " 
= JEU a(k)a(—k)e~ oro |l-4 + k? en? 


-Fà(k)à! (k) E +k? + m?l + ail (k)a(k) E +k? + m?! 


+41 (k)à! (—k)e?iFovo E +k? + m?! 


= ; j "n { E jawata) zc 
- ; I LS lawat ay «atquo | (150) 


where the 6 functions in the first step emerge from the integral over x and 
where we have eliminated the terms ââ and âtât by realising that due to 
the relativistic energy-momentum relation k2 — k? + m?. Therefore, the 
Hamilton operator for the real scalar field is given by 


3 
D 3| asm ks jawata + 2m) (151) 


It suggests that the Quantum Field Theory for a real scalar field can be in- 
terpreted as a continuous sum of harmonic oscillators, permeating all space. 


Simple States: Ground State and First Excited State Following the 
same logic already present in the harmonic oscillator in Quantum Mechanics 
we introduce a ground state — the “vacuum” — |0) which is annihilated by 
any annihilation operator, 


â(k) |0) — 0 Vk. (152) 
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States containing fields (or particles) with momenta k; are generated by 
repeated application of the corresponding creation operators 


ât (kı) |0) = |k,) 
á (ky)a" (ka) |0) = |k; y) .... (153) 


Normalisation of States But here’s a new problem. Let us take a look 
at the norm of a one-field (one-particle) state |k): 


(klk) = il = wo = Pu penl 


= (0ļâ(k)ât (K)| as IRO ât (k) — à! (k)à (x)|] 0) 
= (0|2k9(27)°6*(k — k)| 0) = NS (27)°5°(0)| 0) 
= 2ko(21)?6? (0) , (154) 


where in the second line we have subtracted a 0 — remember that à |0) = 0, 
and where in the last step we used our normalisation of the ground state, 
(0|0) = 1. 

Using that 


= i drekt? —+ (2«)36(0 sr d?z (155) 


suggests that the normalisation of the state equals the (infinite) spatial vol- 
ume — a veritable divergence. This is actually not a surprising finding, after 
all, the uncertainty principle tells you that a particle with completely fixed 
momentum has no localisation. Our particle here, with its fixed momentum 
represents a plane wave, filling all volume. If the volume is infinite — which it 
is for us to have a continuous spectrum - such states have no normalisation. 
The solution to this conundrum is to “smear” the state with a modulating 
function f(k), and to define 


Ik) — |k); = f(k)à! (k) |0) (156) 


which will lead to perfectly normalisable states, if 


/ ak F(R)? < oc. (157) 


In this respect, states obtained through application of the creation operator 
on the vacuum, G'(k)|0) are physically sensible only, if used together with 
a test function that smear them out. 

A natural question to ask is: in what space to these new states live? The 
answer is that they populate a Fock space, which is the sum of all n-particle 
Hilbert spaces plus, possibly, some symmetrisation that takes care of the fact 
that identical particles are indistinguishable. It also has a meaningful scalar 
product, again allowing the definition of a distance, which it “inherits” from 
the underlying Hilbert space. 
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Ground-State Energy The ground state |0) is an eigenstate of the Hamil- 
tonian; calculating its energy Eo we arrive at 


(ol; / m [awat + atwa] o) 


= Jp (0 ata! (&)| 0) 


Ey = (0| |0) 


= SEL — oo, (158) 


the product of the volume in both position and momentum space, infinity 
for a Quantum Field Theory in an infinite volume. A simple solution is to 
just subtract the ground state energy, by redefining the Hamiltonian as 


H — H'-H-(|Hyo). (159) 


Normal Ordering Alternatively, we can define normal-ordering of the 
operators, indicated by colons around the operators as 


A(k)à! (k): = :à (k)a(k): = al(k)a(k) , (160) 


and therefore we replace 


3 
Ee ; f GS ih [ewa à! anata) (161) 
and, finally, 
M 3 
pc un al (k)a(k) . (162) 


This obviously cures the divergence stemming from (0| á(k)à!(k) |0) in the 
ground state energy and similar observables. In the remainder of this lecture 
we will always assume implicit normal ordering, if not stared otherwise. 


4.3 A Little Detour: Causal Structure of the Theory 


Commutator of Field Operators To guarantee the correct causal struc- 
ture of the theory, we need to convince ourselves that fields in space-like 
distances cannot influence each other: they must commute for space-like 
distances. To see this, define the commutator of two field operators at arbi- 
trary four-positions x and y as 


iA(z- y) = (62), d(y)| 


d?k dk’ "EE 
_ x at (pl —ik-x+ik' -y 
oo (2T)32kl, Lao. dio ) : 
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+ [ata aq] ev} 
= ri stan [p » dee) 
cA (ey) eA (163) 


where we have used the commutator relations for the creation and annihi- 
lation operators to arrive at two ó-functions that allowed us to perform the 
k'-integration, and where we have also introduced the two terms A4 (x — y). 


Properties of the Commutator The commutator has a number of prop- 
erties, which are worthwhile to discuss: 


1. it is manifestly Lorentz-invariant, i.e. its value will not change under 
Lorentz transformations such as boosts, rotations, or combinations of 
both. This is because it is given by a Lorentz-invariant integral over 
a function that only depends on scalar products k(x — y). 


2. it manifestly encodes micro-causality, as it vanishes for all space-like 
distances of z and y. The easiest way to see this is by looking directly 
at the first line of the equation above, Eq. (163), where the argument 
of the integration depends on [4(x), d(y)]. We know that this commu- 
tator vanishes for equal times, cf. Eq. (141). Since for every space-like 
distance of four-positions (x — y) a Lorentz-boost can be found that 
reduces it to a space-like distance at equal times, (z — y), the commu- 
tator vanishes for all space-like distances. Hence, the theory is causal 
in the sense that fields at space-like distances are decoupled. 


3. direct calculation reveals that A(x — y) is a solution of the Klein- 
Gordon equation, 


0 


(oð, +m?) A(x — y) 
d?k ; 
p an — eil (zy) 
(2 Ou rm Ti 2n d T | 


7 J ar (9^8, +m?) [eo — eite] 
0 


3 
0 


where the term k? — m? in the last line guarantees that the overall 
expression vanishes. 
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4.4 Second Quantisation of the Complex Scalar Field 


Lagrangian and Hamilton and Field Operators Starting with the 
Lagrangian of Eq. (104), 


L = (8,9*)(9" 9) — MHG, 


the conjugate momenta to the two fields o and $* are given by 


TN aud x = CF g (165) 
Od O¢* 
and the Hamilton operator density reads 
H = P+ VG VÀ mto, (166) 


after promoting fields and momenta to operators. We demand the equal- 
time commutation relations 


[90 2), #(¢, 9] = [À 2), Uw] = 9 e-p| a67) 


with all other equal-time commutators vanishing. 


Creation and Annihilation Operators The field operators can be ex- 
panded, as before, as products of plane waves and creation and annihilation 
operators 


$() = / stu a) e t7 + Ba et 
p(s) = / tun [beee + atk) e]. (168) 


As before, momentum operators are obtained through straightforward deriva- 
tion with respect to time. Expressing the fields and operators through the 
annihilation and creation operators, 


a(k) = / diggtiea [kod (ew) + i&* (2). 
Bk) = f dae" [eoa] — i82) 


bye i döver” [kod"(c) 4- i2) 


ac / dae? [koĝ" (æ) — i&(2)] . (169) 
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we arrive at commutator relations, for example, 
|a. a (^) ~ / d?zd34/e i^ iK a 


x [hod (t, 2) + is^ (t, 2), Kolt, 2^) — i&(t, 2) 


+ ikh [5*6 2), dt, 2] 
= janes ee [(ko ds kh)? (x u a^)] 
= / diae 67 (s kh) = 2ko(22)98(k — k’), (170) 


where we have used the definition of the ó function, as usual. Therefore, 


ac), at] = [bu HEN] = 2G -x)| an) 


and all other commutators vanishing. 


Hamilton and Number Operators The normal-ordered Hamilton op- 
erator is given by 


3 ^ ^ 
me J T ko fatwa) + 809609] . (172) 


and it looks like the Hamilton operator for the sum of two free real scalar 
fields. This further fortifies the idea that we are presented by two kinds of 
particles — those created and annihilated by à! and à, and those created and 
annihilated by bt and b, and that the vacuum is annihilated by both à and 
b, 

â(k) |0) = b(k)|0) = 0. (173) 
It is therefore natural to introduce two number operators for the two kinds 
of particles, 


^ 3 ^ ^ 
Ne = f ars O. (174) 


It is easy to check that they are indeed number operators counting the 
number of a and b fields in a given state |). Denoting 


Kee eke, eS I lat (&,)| II [öt] 10), — 75) 
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it is easy to show that 


(uo -" KOROLO on s Na usa S KD KO D os Ki?) =1q- 
(176) 


We leave this as part of a problem. 


Current and Charge As noted in Sec. 3.3, the Lagrangian for the com- 
plex scalar field enjoys invariance under the “gauge transformation” 


$ 2 d —exp(i€)ó, 9* + 9" = exp(—i6)9* , 


cf. Eq. (106). This leads to a conserved current given by Eq. (113) 
io e 
J” =i |G" (8*9) — (8"9")o| = io" 0^9, 


where we added a factor i to ensure that the current is a real number. This 
factor, obviously, does not change the fact that 9," = 0. Of course the 
current can be promoted to a current operator by replacing the fields with 
field operators, 


j^ = ij" bg. (177) 


The spatial integral over the (normal-ordered) time-component of the cur- 
rent is the charge, given in operator form by 


Q= [ds six i f ae d 0) - (96 


dk phu — S . 
= | gos, HOw - aoi] = Na- N. (178) 


This suggests that our two particle types a and b have opposite charged with 


dab = cl. (179) 


Conserved Charge To show that the charge is conserved, we need to 
verify that the charge operator 


&- f Se [etwaw - fei] = & - N (180) 


commutes with the Hamiltonian, i.e. [:H:, :Q:] = 0. This is indeed the case, 
and we leave this proof for the problems below. 
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4.5 Problems & Solutions 
1. States and Operators of the Real Scalar Field 


(a) one- and two particle states 


i. create one- and two-particle states of particles with momenta 
ki 2, |k,) and |k, k5) 

ii. show that the two-particle state |k,k,) is symmetric, i.e. 
|ky ka) = |koky). 


(b) calculate the energy of the two-particle state above, i.e. 


Ej; |kyko) = Í | ks) . 


(c) show that the number operator N counts the number of quanta: 


NE; k5 ... kn) = n|Ei Eo... kp) (181) 


Solution 


(a) In real scalar field theory, 


lkı) = 4! (k,)|0) 
|k;k;) = Gl (ky)|kg) = a! (k,)à! (ky) |0) = at (ky) at (k1)10) 


The last equality shows the symmetry of the state. 
(b) With the (normal-ordered) Hamilton operator given by 


A= i I un a [ko : (at (89a) + aa! (8) 8): 


| 
E TEE S 
N 
Alg 
w| w 
OR 
nl 
© 
ee 
pI——L 
nl 
jen] 
Q 
— 
Ew 
Bcc d 
e» 
P SA 
E» 
— 
lad 


the energy of the state |k, k5) is given by 


Ey, y; [kj ko) = H|ky ko) 
3 
= 3 app (EOD) aka e) 


= 5 |E s [tos e] ee) 


= ; [à fattat s) | 6t — kx) Wie en 
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= ACEA ka dao P o) 
5 | aos {ata | xo e) 2| + me 

+ á' (k)à! (ka) age ~ ka) 24/ k? + m?! = o} 0) 
5 p Fm? + 2/ K 4 m ât (k;)à! (kx) | 0) 


= (E; + Eo) |ky ko) 


as anticipated. 


(c) With the number operator given by 


(= ecco 
N= | a 0980) 


and satisfying the commutator 


. 3 
(S. af) = | rg [6080986 — af (02! (409 


3 
z f SFG) [at (e) (27)? (240)8% (k — a) 


+a! (k)à! (q)a(k) — ât (q)à! (k)a(k) 
= al(q). 
we can calculate the result of it acting on a multi-particle state: 


N|E, Ka... k,) = Nal (ki )|kə kn) 
= (Ñ + 1)|koEs .. . kn) = à (ky )a (kg)(N + 2)]ks .. E.) = +> 
à! (kə) . à (E, )n|0) = nl, Ea . Bn) 


as anticipated. 


. Wave Functional from State Vectors 
Show that the wave functional of the field with fixed momentum k 


pelz) = (k| (£) |0) 


is a solution of the Klein-gordon Equation. 
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Solution 


( q 
- (Dm) OE |a), aolo) 
= (+m) =k? +m? =0, 


which vanishes due to the relativistic energy-momentum relation. 
3. Two Real Scalar Fields Equal One Complex Scalar Field 


(a) write down the Lagrangian two real scalar fields $1,» of equal 
mass and determine their canonical momenta 71,» 


(b) construct the Hamiltonian from the fields and their momenta 
(c) demand suitable commutators for fields and momenta 


(d) express the fields in terms of creation and annihilation operators 
and determine their commutation relations 


(e) introduce the complex scalar fields ¢ and ¢* as linear combi- 
nations of $1,», express them through creation and annihilation 
operators. Fix the commutators of the creation and annihilation 
operators that have not been explicitly calculated so far. 


(f) calculate the commutator of the number operators with the cre- 
ation and annihilation operators of the two fields, the commuta- 
tor between the two number operators and with the charge and 
Hamilton operator. Show that the charge is conserved by showing 
that indeed [:H:, :Q:] = 0. 


Solution 


(a) Lagrangian for two fields as sum of two Lagrangians for single 
fields 


1 
L= Y 5 [0,6900 6) — mier] 
i=1 
assume ™ 1 = m2. 


(b) As usual, Hamiltonian density given by 
. ze 
H - [midi] —£ = S05 [9000 + (Wo:) (Voi) md? 
i=1 i=1 


(c) Commutators in the usual way: field operators and and their 
conjugate momentum operators do not commute, everything else 
does: 


iðijð” (2 — y) 


ae t), fti(y, t) 
ji. 0. à; 0| = [Gs t), iy 0] =0 


(d) Employ the usual plane-wave expansion with factors exp [tik - x] 
and operators: 


d(x) = lam [aie + al age] 


^. dk hA —ik-x ers ik-x 
mor dos m [-ikoâ;(k)e 5 + ikoâl (k)e'* | 


and therefore 
ih dnc 8 2 [ioi (n) + if) 
ik! d?k 
= 3ye iE MOSS 
i i i J3 (2ko) 
linis “(Kb + ko) + al ()e "(4 — ko)| 
[erm ea 
dk . e PR 
| er ec i 
+a (e) 25 )* 8 (k — k^) (Rt — ko)et 


Te. Se: aS F are 
~ QR) [as (")(2k5)e +0] = áj(K')e- ^et , 
0 


where we have used that ky = Vk? +m? = J (-k)? +m? = kh 
and the Fourier transform of the 6 function, 


f Erer = (2n? (p). 
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Multiplying on both sides with e/^** and replacing k’ — k yields 


Adi = T dae [koi (2) + ii(a)] 


Taking the Hermitean conjugate and using that ĝl = Qi and 
TS 


ft; = fij for real fields implies that 


al (k) = f de® [ko di (x) — i2) 
This allows us to directly calculate the commutators, for example 
|ai(h), a(o) 
ES ] d [ ec [Fodir) + ifti(z), qof; (y) — i&;Q)] 
= [aac fi dBye- ie 
f -iko oia), &j()] + igo lfi(e), dj(y)]} 
a [ & / dBye- ie 
{—iko + i150? (a — y) + igo - (—1)0459 (y — x)} 
= [cae {(ko + 90) 5ij} = (21)?2k96;6? (k — q) , 


where we have used that we discussed equal time communtators, 
ie. zo = yo = t. Commutators of two creation or annihilation 
operators will vanish, because in the last line the term (ko + qo) 
will become (ko — qo) > 0. 


(e) Write the two complex fields as linear combinations of the two 
real fields: 
1 


b= — (hi + ida) and GS ehh a) 


therefore® 
t=“ and «*29. 


5Expressing the fields $1,» through ¢ and ¢*, 


Fit: Sr aiid: doeet. 


gi = 5 Va 


(ó— 9") and 


I 


yields the Lagrangian 
L = (0,0) (0^ 9") - mo^ ó 
and the conjugate momenta are given, as before, by m = OL/0¢ and «* = 8£/89". 
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Suitably combining the expansions for ¢; and $» yields 


M Bk ái(k)-Fiáo(k) ika 
EY e / pero as 


A0) + 103 (k) a. 


diocl 
= [s [eet + al me] 


(27)3(2ko) 
ài(k) — iâ2(k) 


ox m dk —ik-x 
$e = | axon | a 
à (E) — iâ} (k) siks 
/2 


= fassen et ene, 


+ 


where 


i(k) + iâ2(k) 


al (k) F iât (k) 


â+(k) = V2 


and ât (k) = 


Using that 4; = à; and that ($1, 72] = 0 and similar, the equal- 
time commutators read 


= 5 [he t) ibas t), br(@, t) + idole, 0) 

= 5 (oe omo] + [he 0 no 0]) e- 
[e t), è” (y, i) 

2 ; Ee t) + ida(z, t), di(x, £) + idole, ) 

H ; {e t), îi (y, 2] - ae t), fa(y. 2n = 
and similarly for all commutators of fields with fields and mo- 


menta with momenta. 
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The non-vanishing commutators of the creation and annihilation 
operators read 


a(k), à (9)] = 5 [ar (E) 4-209, ad (k) — ial) 

E MEDIO al(q)| ge [â2(k), à] ) = (2ko) (2 589 (k — q) 
[à (09, à (a)| = ; [a (A) — ida (k), at (k) + at (6) 

- ZIRU atla) $ [â2(k), atal} = (2ko) (2r)? (k — q) 


and similar for all other commutators. 


(f) Commutators of number operators (replacing types 1 and 2 with 


+), 
e e aa 
M= | aap 809. 


with the annihilation and creation operators: 

[wast] = f A O, ax) 
dk dE ania y a ^A 

= / Gera [H(A (Bax (a) — ax (aa (Bax (8) 

- | orp {Aw aso] hw} 


(277)°53(k — q)àl (k) = —à4. 


f d?k 
(27)? (2ko) 
and 


[Sat] =f is [ab ast. ato] = aL 
As the al) commute with the at? we also have 
[Ñ+ d (9) = [Nâs] - 0. 


Commutator of the number operators: 


Q> 


DEN 


because the positive charge a, and a commute with their neg- 
ative charge counterparts, as seen above. 

This implies that the commutator of Hamilton or Charge operator 
with the number operators also vanish. For example, with the 
Hamilton operator from Eq. (172): 


AA dk d?q 
E Ny H J (27)32ko (21)32qo ko 


D (k)à, (Kk) + a! (k)à.. (k), al (aq) 


zt d?k d?q " 
i (21)?2kg (21)32qo 9 


u | B dq k 
(27)32ko (21)?2qo 


| AE OEE OTA 


— (21)?2q99* (k — q)à) (q)a4(k) — al (q)à), (k)â+ (g)à. (k) 


+0 = 0, 


since [@4, 44] = lâ}, al] exp: 


The same is also true for the commtator [Q, N4] - the only dif- 
ference between H and Q being the exgra factor of energy in the 
integration, while, of course, the algebra is identical up to trivial 
relative signs. With the Hamilton and Charge operators being 
effectively composed of number operators this also proves that 
they commute, and, hence, the charge is a conserved quantity of 
the theory. 


4. Momentum Operator 
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The total four-momentum operator of a real scalar field is given by 


» 3 
pis | gas, at (k)a(k). 


(a) Show that P" can be expressed in terms of the field operator (2) 
and the conjugate momentum operator 7(x) as 


pu fè R(x) o (a): 
(b) show that 
ES à()] = ~id"d(2). 


Solution 


(a) Inserting the expansion of the field operator and its conjugate 
momentum through plane waves and creation and annihilation 
operators we have 


Z d3k dq . | 
PH: = 3 : A yy k 5 apes = at PR 
fa x (213) 2ko (213)2qo | iko (alke a (k)e ) 


iq” (—a(ge** +â OS] : 


E / a, dk dq g^ 
(253) (213) 4qo 


: [-à(&)a(gye tde + at (kja (ger 


«à (&)a! (Qe + af (&)ag)e/ 794]. 


3 
7 IE - | âl gage + al(—q)al (g)e?t 


!(g) + à! (g)à(q)| : 


+ 
Q 
P o 
Q 
SS 
Q> 


dq q" 


= ] ini oao 


The first two terms in the second-to last line vanishes because â(q) 


commutes with à(—q), and similarly for the *daggered" operators. 
We can therefore replace 


He—2igot 7 . 
f age a(_—a)a(q) 
qo 


e72 ot 
= | ae I 5 [a(—a)a(a) + a(a)a(—9)] , 
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showing for each component of q that this is an integration of an 
odd function over an even integration space. The same reasoning 
holds also true for the daggered operators. Therefore only the 
two last terms survive and we have shown that indeed 


s 3 * 
Pre J Gas" á'(k)à(k) = f dês :2(2)8" d (n) 


(b) Direct calculation shows that 
[P". d(2)] 


dk a Bh a "o 
E / Gye Gn 3g; [4 (walk), algea? + al (ge'**] 


3 3 
* / ETUR aus (en |a! (45, alo] ac) 
+ eit? at (k) Jat), à'(g)) | 


~ / x e [ce trat) e ena (o) 


: ; 
E gy, 719 (eat) + eat ay} = —ið"$(z2), 


as demanded. 


5. Causality and anti-commutators (real scalars) 
Consider real scalar fields and define 


Ai(z — y) = A4(x — y) + A-(x — y) 


(a) show that A4 is equal to the vacuum expectation value of the 
anti-commutator of the field operators ¢(x) and ¢(y) 


A(z — y) = (01£(2); O(y)}10) = (0l[9(2)ó(y) + 6(y)ó(2)]]0) 


(b) show that A(x — y) does not vanish outside the light-cone, i.e. 
that A1 (x — y) £0 for (x — y)? < 0. 


Solution 


(a) Remember definitions for A+, expansion of fields in terms of cre- 
ation and annihilation operators and à(k)|0) = 0, then 
A«(x — y) = (016(2)5(y)]0) 


d dg —ika-rik' ^ A 1 
j J (T) (2ko) CTK eei» (o lateat (i?) 


°) 


8l 


= dk dk —ikz4 0 
/ (27)3(2ko) 2x) 9 (2M) © ) 


= dk dE e tkatik! qe 3p Bh 
B / (2r)? (2ko) (2) 28) ” (0 |(2m)°(2ko)5° (Æ — &)|0) 


e» (o Tace), atq) 


3 
= / d'k e i (e-v) 
(22)? (2ko) 


In a similar way, we can write 


d?k ik(z— 
A-6397 | came 


= dk dk! e —2) m vu. rad 

B | er FR (0 |(2m)"(2ko)5°(k — k’)| 0) 
dk d3 E NEN ee 

7 J E r (0|[a(e’), al(&)}]0) 

= (0|ó(y)ó(z)]0) 


Therefore, as demanded 


A(z-y) = Ay(a—-y)+A_(x-y) = (0][4(x)6y) + 4(y)4(a)]| 0) 


= d?k —ik(x—y) ik(a—y) 
a-a) = [uw pes 
d?k ; 
xo Yo —ik(x—y) ik(x—y) 
53 / (21)? (2ko) (e i ) 
= 2f uu — oo 
(2x)? (2kg) 


. Commutators for free reals scalar fields 
Calculate the equal time commutators for 


(a) Pr, $()]. where the momentum operator is given by 
pre l Ik uat (kalk) = / d*z (z)0^ (2); 
(27?)2ko pv : 


(b) [A twaa]; 
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Solution 


(a) Through field operators 


[ê ^. ox Pi d'y yy oly $2) t 
$0—90— 
Md dyf )| à^$() + t) ["d@), d@)]} 
= [ey giam - àtó(y) + (y) 0} = —io"3(), 
and through the expansion in creation and annihilation operators 
|ê, à(2)] 


d?k d?q ; 
— Hlatik —igt | at iq:x 
il (273) 2k (273 s^ DIG Wege | 


120—490 


= li dk d?q opi —áq.a 


213)2ko (21?) m 


T [m 
cu gd P 7 ^ —áqx 
E 3o 2ko (213) m p^ [a (9, a(g)| a(k)e 
+at(k) at), àtao] ei} 
d?k d?q "ne 
" / (2x3)2ks Orap Olr) (& - a) âlk)e 
+å (E) 2g) (27 )8*(k — g)e'*} 


T J ars Spit: 


= -—i" la ax; f PUE à! (kjee) = —0" O(a). 


(b) Expand the Hamilton operator in creation and annihilation op- 
erators and use their commutation relations 


a ata) = f 5 iow. oao] 


3 
— 1 i dp. lat (palpat (k)à(g) - at (k)a(q)a"(p)a(p)| 


2J (2r)’ 
3 
= s] iy [POA Dat) + 22r") E- pa wala) 


-ât (k)ât (p)å(a)â(p) — 2ao (27)? (q — p)à' (p)a(q)| 
= hls = (ko — qat (o)a(g). 
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7. *Properties of the Charge Operator In the following, consider a 
free complex scalar field ¢. 


(a) Show that the (normal-ordered) charge operator is given by 
GO: = I d*z [a)i (e) - (86): 


2 f NEN RORO = bt c)b()| 


(b) Show that [:Q:, :P“:] = 0. 
Solution 
(a) Using that 4* = 0,9 and 4 = O:d* we arrive at 


:Q: = 2 [ét (z)f*(x) — ) - à(5)8():] 


dq 
dèx 
J (27 i Qn P325 | igo) 


d [a (e + kje] la(gye t u i (gen 


B [auge rage] |-à (get? + b(qe#?| : 
3 3 
= ; ^ Pa SDR GER w 
feral [atao - tia) 


1 J dk dq 
~ 2] (2x)92ks (277)32q0 ^9 


= e tko+40)0 $3 (fy 1 q) à! (k 


$ e ilko+40) 0 $3 (k +q) n k 
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if ^ x 
7 a tax ha [at wat) — 8 (96) 


(b) To calculate the commutator let us first take a look at one typical 
term, namely 


Using the result from one of the previous problems that 
[P^, ó(a)] = —ið" G(x) 
and similarly (because the derivatives commute) that 
[P^, 4(x)] = [P", 8,09" (x) = —i0,0" Q* (x) = —iO" 8 (x) 


we see that 


(iQ, PH] = - i daf [P^, d*(x)] 4*9) +o (@) [r,a] 


8. *Parity of a Scalar Field 
The parity operator P for a real scalar field is given by 


P= ep (- 5 f ies PO - neal 0-8] 


where the phase yp = +1 is the intrinsic parity of the field. Fields 
with np = 1 are scalars and those with yp = —1 are pseudoscalars. 
Prove that [P, H] = 0. 


Solution 


To prove this, we need to realise that any function of an operator 
Ó commutes with another operator X, if the operators commute, i.e. 
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[f(O), X] = 0 if [Ô, X] = 0, because functions of operators are defined 
through their series expansion. This means that we have to show that 


o = [S SSR (nato - neat aaa}, 
[ onte 
3 3 
- [tns | io { Mow. aoa] 
- ne [at X 


- lomo Tes w | 


(21?)2q96? (k — q)à! (k)à(q) — à! (k)à 


) 

(E q W 
— (21?)2q98? (k — q)à! (q)â(k) + à! (q)à! 

— np [e >) 


Or ja (k — qyà! (q)a(—k) + à! (g)à! waga) } 


3 3 
ne f a i ns 2 fatan) = al a(t) } = 


and therefore the parity operator commutes with the Hamiltonian. 
This implies that parity is a conserved quantity for the free scalar 
field. 
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5 Fermions 


In this section we will get acquainted with the Dirac equation, which intro- 
duces not only fermions, but also provides insight into anti-particles. 

The Dirac equation emerges through linearisation of the Klein-Gordon equa- 
tion, after realising that its quadratic form yields negative energy solutions. 
Such a linearised form, however, only satisfies the original energy-momentum 
relation — essentially the kernel of the free Klein-Gordon equation — if the 
fields have an even number of components, at least two. This proves to be a 
blessing, as it allows us to describe spin-1/2 particles, and the corresponding 
fields are dubbed “spinors”. Insisting on maintaining that the spinors sat- 
isfy the Klein-Gordon equation for massive particles leads to spinors with 
four components - two more than necessary for spin-1/2 particles. These 
additional degrees of freedom are identified with negative energy solutions 
and interpreted as anti-particles. As before, in the case of the scalar fields, 
this implies that the energy spectrum of the theory is unbounded from be- 
low. Consequently the vacuum is not empty, and i fact it contains short- 
lived quantum fluctuations of particle+anti-particle with opposite energy, 
momentum and spin. 

The Dirac equation has been covered ubiquitously in the literature. Keeping 
in mind that we use a somewhat different (and in my opinion, more mod- 
ern) normalisation, it would maybe be a good idea to also take a look at 
Sections 4.1 and 4.2 of Hatfield [3] or Sections 3.1-3.4 and 3.6 in Peskin & 
Schroeder [1], the latter section more of some extended reading. It is also 
worthwhile to check out Chapter 2 of Itzykson & Zuber [?], if you can find 
it somewhere. 


5.1 The Dirac Equation 


Short-comings of the Klein-Gordon Lagrangian Consider, again, the 
Klein-Gordon equations of motion, Eq. (91) in Sec. 3.2, 


o? 2 
(3a - X* +m?) ole) = (8 +m?) oa) = 0. 


Fourier-transforming it into 
(E? — p —m)¢=0 — E- p +m? (182) 


we realise that, due to its quadratic form, nothing prevents us from con- 
structing solutions with negative energies. Assuming plane wave solutions 
for the fields, ó(x) ~ exp(ika) the charge or probability density for the 
complex scalar field is given by 


p = jo = (à9*)6 — ¢* (Q9) = —2iko (183) 
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which can be translated into a real, unit-free quantity, that is more ap- 
propriate for a probability density. This is achieved through a suitable 
normalisation, for example 


3 i 
j^ y j^ — Lh 184 
JG e (184) 


such that p = ko/m. For negative-energy solutions, though, this would 
result in negative probability densities, which are extremely hard to inter- 
pret. Ultimately, the appearance of these solutions mean that the energy 
spectrum of the theory is not bound from below and there is no lowest en- 
ergy ground-state. In other words, there is nothing that prevents us from 
producing more and more particles, by pairing positive and negative energy 
solutions - clearly an unacceptable problem for the interpretation of the the- 
ory. Ultimately this shows that it is impossible to produce a single-particle 
theory when imposing Lorentz-invariance as a construction paradigm. 

Of course, we know by now that this issue can be completely circumnav- 
igated by identifying the negative energy-solutions as anti-particles, parti- 
cles with positive energy but opposite charge that propagate backwards in 
time. However, when Dirac introduced his famous equation in 1928 this 
anti-particles were not discovered yet, and it was in fact his work that in- 
troduced anti-particles as a meaningful theoretical concept that emerges 
naturally when combining Quantum Mechanics and Special Relativity into 
Quantum Field Theory. 


Linearising the Klein-Gordon Equation  Dirac's aim was to construct 
a linearised version of the Klein-Gordon equation such that the resulting 
E.o.M. are linear in Qj, and being Lorentz-invariant exhibit solutions that 
still satisfy the original equation. Choosing an ansatz for the field v, that 
is first order in ô; and first order in V 
PRED L Lia. Vole, t) + miis t), (185) 
it becomes obvious that o; and £8 must be matrices, and that « has at 
least two components. The latter property in fact was seen as a nice bonus, 
because they could be identified with the two spin states (spin up and spin 
down) of the electrons that Dirac wanted to describe. This identification of 
the components of the field y% with spin states has led to the name for w(x): 
spinor or spinor field. 


Properties of the o; and £ matrices To guarantee that the equation 
above, Eq. (185), reduces to the Klein-Gordon E.o.M. when squaring the 
kernel, 


2 
(5a -N?. m?) ~ [ið +ia: V — Bm]? (186) 
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oj; and @ must satisfy the following relations 


(oi, aj} = aiaj + ajay = 26;; 
{ai, B} =0 
B= o2 Ew 
Tr(ai) = Tr(8) = s (187) 


This implies that the eigenvalues of a; and 8 are +1, and the combination of 
them being traceless and having these eigenvalues suggests that they must 
be of an even dimension, i.e. dim(a;, 6) = 2, 4, .... Focusing on the case 
of lowest dimension, 2x2 matrices, we can see straightaway that the a; can 
be identified with the Pauli matrices, o; = oj, where 


0 1 0 =i 1 0 
a-(io) (4 "ES em (188) 


This however won't work for massive theories where m Æ 0: There is just no 
fourth candidate matrix for 6 that satisfies all the properties of Eq. (187). 
'This has two implications: First of all, for massless theories, we could stick 
with two-component fields Y, also known as Weyl spinors. And secondly, 
for massive theories like the ones we’re going to pursue, we must use four- 
component fields — the Dirac spinors — and have four-dimensional a; and 6 


matrices: 
E 0 oj sou E. 0 
Te 2 and 8- (1 ES (189) 


Here — and later in yo — the 1 denote 2 x 2 identity matrices. 


y Matrices and Their Properties For practical purposes, the a and 
8 matrices proved a bit cumbersome, and they are usually replaced by the 
^-matrices, defined by 


?-g-(1 w and y-Bc-[ rar (190) 


Direct calculation shows that they enjoy the following anti-commutator re- 
lation 


(y^, Y") = yy! + ot = agn . (191) 


In addition, y° = 7° is Hermitean with 40? = 1, while the 4 = —y*" are 
anti-Hermitean, with (4f)? = —1. 
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Dirac Equation Multiplying the Dirac equation, expressed through the 
o and f matrices, Eq. (185), from the left with 4? we arrive at 


(^8, — m1)s Ue = (i9 — m)v — 0. (192) 


In the equation above, Eq. (192) the components of the Dirac equation in 
“spinor space” have been made explicit, indicated by the indices 7 and £. It 
is important to stress that this exhibits the fact that there are two spaces 
in the Dirac equation, namely the “normal” Minkowski space with index yp, 
incorporating the external Lorentz symmetry of space-time, and this spinor 
space. The y matrices and the spinor y» have multiple components in this 
space, and the mass term is diagonal in this space, indicated by the 1- 
symbol. As before, the Lorentz indices u etc. run from 0 to 3, while the 
Dirac or spinor indices run from 1 to 4. 


Dirac Equation for y The nature of the equation above suggest that 
the Hermitean conjugate spinor v represents a second, independent field, 
similar to ¢* and $. Straightforward Hermitean conjugation of Eq. (185) 
results in 


Ov (x, t) 


i — aV (s, t) -at + mypl(a, 08, (193) 
and multiplying from the right with 8t = 8 = 4? yields 
-iyt (z, ur" = mi (s, t). (194) 


Using 40? — ] and ji = (8o)! = aß = 8(8o)B = yyy? while defining the 
“barred” spinor v = y'7° allows to find the E.o.M. for the barred spinor as 


dg 4 m) =0. (195) 


Lagrangian It is easy to check that the two E.o.M. for the spinors v» and 
Vj! can be obtained from the free Dirac Lagrangian 


L= 46) (£9 —m) v), (196) 


where 


usc ; [a(Ob) — (8a)8] . (197) 


The E.o.M. for Y (y) are obtained,as usual, by varying the Lagrangian with 


respect to V» (4): 


OL OL E s. , . 

oí Agag 79th» oe - (P -m)¥ = 0 
0 ð z p " 2 

os uga a [PD eese] = -0 (EF +m) = 0. 


(198) 


Conserved Current It is relatively straightforward to construct a con- 
served current from the two E.o.M. Eqs (192) and (195): multiply the former 
from the left with v and the latter from the right with w and add. This 
results in 


024-9 —mybtd-GI+m)-v=W(GF+ Dv 099) 


and we arrive at the conserved current 


Oyj" = Oy [iby] . (200) 


Solutions to the Dirac E.o.M.: Spinors at Rest To construct solu- 
tions for the Dirac equation, it is important to keep in mind that the v» and 
w are objects with four components’. Let us for the moment describe the w 
as a product of advanced and retarded plane wave factors and polarisation 
eigenstates u(p) and v(p), 


3 $ " 
W(x) = f s [e "Pu, (p) + eP v, (p)| ; (201) 


where we have made explicit the spinor index 7. This expansion moves the 
spinor index to the u and v spinors, i.e. they are objects with four entries, 
and the Dirac matrices act on these indices!Ü. To construct them, it is 
sufficient to realise that the E.o.M. become a system of linear equations for 
the eigenstates u(p) and v(p). Let us first solve this equation for a particle 


at rest, p = 0, p) = E = m, leading to 


(E^? — m)u(0) = m(7° — 1)u(0) = 0 and, similarly, (59 + 1)v(0) = 0, 
(202) 


Inserting the (diagonal) form of 


(203) 


2 
Il 
ooon 
SSeS 

l 


implies that the third and fourth component of u and the first and second 
component of v must be zero. Both u and v therefore have two independent 


?But, although they look like vectors because of the four-components, they differ from 
four-vectors in how they behave under Lorentz transformations. Simply put: spinor index 
# Lorentz index) 

Positive and negative energy solutions + are of course related to the wave factors 
such that 


vy =e? *u(p) and y. — e*w(p), 


and we will recycle them later when quantising the Dirac fields. 
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solutions each, and the corresponding eigenstates can be readily identified 
with the two spin states: u/2) describe positive-energy particles with spin 
up/down, and v(*/2 decibel negative-energy particles with spin up/down. 
Choosing normalised “eigenvectors” then results in 


1 


v (0) = (204) 


oOoroo Coco 
Poco cOrF oO 


Solutions to the Dirac E.o.M.: General Momenta To obtain so- 
lutions for general momenta, we use the fact that suitable multiplication 
of the kernels of the E.o.M. for u and v with terms (p + m) encodes the 
energy-momentum relation for a massive particle, 


(f — m)(f +m) 2 p? - m? =0. (205) 


This means that, including normalisation factors 7(p), the transformed eigen- 
states 


u® (p) = n (p + m)u (0) 
v® (p) =n (—p + m)v (0) (206) 


will satisfy the E.o.M. (p — m)u = 0 and (p + m)v = 0. Introducing p+ = 
Px + ipy of the momentum components the spinors and using 


E+m 0 —Dz —pz + ipy 
0 Etm —pz—tpy Dz 
+tm= Bima : 
? Pu pz Pr — ipy -Em 0 
Px + tpy =p; 0 —-E+m 
(207) 
we arrive at 
1 0 
0 1 
u(pz-m| ,, ER Maer aga DO 
E+m E--m 
P+ — Pz 
E+m E+m 
Pz p—. 
E+m E+m 
" Eu. 2 —Pz 
ial sd | A [ues qur (ge SERIE (208) 
0 1 
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where the energy E = ,/p? + m? > 0 and the normalisation is given by 


n=VE+m. (209) 


Note that we have normalised the spinors such that, apart from the norm 7 
the first component of the spinors equals 1. 

What is left to do now is to explictly check that the spinors indeed satisfy 
their equations of motion, i.e. that (f — m)u(t?) (p) and (p + mvt? (p) 
vanish. For example, for u(? and uv") we find 


(b— m)u (p) 


E-m 0 —Dz —p_ 1 
M 0 E-m —P+ Pz 0 
Pe p-  -(Ecm) 0 rum 
P+ —Pz 0 —(E +m) Eom 
p? 
E-m- gu 
—P+pz2t+p+Pz 
= E+m = 0: 
E 7 ? 
pet CAE 
Det eae 
(Ø + m)v? (p) 
yee 0 -Pz p= En 
i 0 E+m —p+ Dz aa 
Pz p- —(E-m) 0 1 
P+ —Pz 0 -UE — m) 0 
(E+m)pz 
-jme +p, 
(E+m)p+ 
OU. 
=| fr UU [ze (210) 
rim [E am) 
P1Pz—P4+Pz 
E+m 


Similar calculations for u?) and v prove that the spinors indeed satisfy 
the equations of motion. 


Spinor Products in Components The normalisation has been chosen 
such that the spinors form a “nearly” ortho-normal basis, 


al (pyu® (p) = 2mó;; = —0 (pv) (p). (211) 
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A simple calculation exemplifies how to calculate such spinor products. For 
example for i = j = 1 we find 


2 
gy = u (t4 G) — p [1-0 Pz P+P- 
(Ex m) Em)? 
E? --2Em + 2. 52 
- mtm -p E Sm 2m (212 
(E +m) (E +m)? E+m 


and plugging in our chosen normalisation leads to the anticipated product 
of Eq. (211) A similar calculation for the “daggered” instead of the “barred” 
spinors, i.e. ignoring the 4? yields 


Jt Ur lea eines | 92E(E+m) s 2E 


i (E +m)? = etme "Em 
(213) 
Therefore, 
upju (p) = vl (pju (p) = 2poó;; 
gò (p)u? (p) = 4 (pv) (p) =0. (214) 


Completeness Relations Let us now reverse the order of multiplication 
and instead of calculating scalar products of a “row” spinor times a “column” 
spinor, uu, let us calculate the product of a “column” spinor times a “row” 
spinor, uu. This leads to the completeness relations 


2 


uap =B+Mag > DIP =(b—mMag-| (215) 
i=1 i=1 


Using Eq. (207) and directly calculate the spinor products, i.e. the terms 
uu we see that this holds in fact true. It is important to stress that the 
product of “column vector” and “row vector” is not a scalar product but 
generates a matrix. 


5.2 Second Quantisation 


Some Interpretations Before second quantising Dirac theory, it is worth 
to first analyse and interpret the structure of the solutions obtained above. 
As before for the case of scalar fields we have plane waves moving in the 
“wrong direction” - the states that come with the v-spinors. They can be 
interpreted either as states of negative energy moving forward in time or 
as states of positive energy moving backwards in time. In any case, they 
describe anti-particles. Of course, as before, their existence indicates that 
the energy states of the theory are not bound from below, so there is a 
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priori no well-defined ground state. Dirac circumnavigated this problem 
by demanding that the negative energy solutions are all fill, and that the 
v-states are “holes” in this otherwise full “sea” of negative energy solutions. 
This obviously abandons any notion of the resulting Quantum Field The- 
ory describing just one particle — which is possible in Quantum Mechanics. 
Adding Special Relativity to the mix implies that the resulting Quantum 
Field Theory indeed can only be realised as a multi-particle theory. It is 
then not surprising that the vacuum is not “empty”; instead it can have 
short-time quantum fluctuations of particle+anti-particle (hole), with op- 
posite energy, momentum, and spin such that the overall quantum numbers 
(all 0) are conserved. We will now move on to quantise this theory. 


Lagrangian and pad Momenta Derivation of the Lagrange den- 
sity of Eq. (196), £ = w(x) (id — m)v(x), with respect to the time-derivative 
of the two ta dependent spinor fields v and v yields 


= AL/0 = Gi? = tyt 


mt =9L/dp! = -57 Oyy = -ty (216) 


The Hamiltonian density then reads 
H= mht atit - £— 5 (yt (aop) - blow) - 
— d (ind -id + iy V +m) Y = 6 (iy V e m)v (217) 


It is worth noting here that our conjugate momenta differ from the usual 
form in textbooks by a factor of 1/2, stemming from our vey literal inter- 
pretation of the derivative of Eq. (197) in the Lagrangian, Eq. (196). 


Anti-Commutators  Quantisation is achieved by promoting fields, mo- 
menta etc. to field operators and by demanding suitable commutation rela- 
tions for them. However, we know that spin-1/2 particles are fermions so we 
need to encapsulate Fermi-statistics into the quantisation condition. This 
necessitates to replace the equal-time commutators of fields and momenta 
with equal-time anti-commutators. Using the relationship between fields 
and momenta from Eq. (216) they therefore read 


{alt 2), 83] 
{dalt, 2), Balt, wy} 


; {dalt, 2), dh = = fagi (uz — y) 


"m x), Balt, y)\ = (218) 


where the anti-commutator of two operators is defined by 
få, b] = AB+ BÀ, (219) 
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and where we used that 7g = bh. 


Creation and Annihilation Operators As before, we expand the fields 
in plane waves multiplied with creation and annihilation operators. As we 
already have such plane waves for the “classical” fields, multiplied with 
the eigen-spinors u and v, we merely need to add one creation/annihilation 


operator for each such state and arrive at 


2 
d?p 


i=l 
2 
d?p 


i=1 


w(t, x) = 1 a 2o [e 7h09 @) + erdo) 


w(t, z) = f Gras 2 [ed (p)v(9 (p) + 2 pa p) | 9° 


(220) 


With the following anti-commutation relations of the creation and annihila- 


tion operators, 


{in(p), 9,0] = {da(p), d) (a) } = 2p (27999 (p — a). 


(221) 


and all others vanishing, the anti-commutators of Eq. (218) are fulfilled. 


For example: 


[ist 2), ét, w} 
d?p d?q 


H / (21)?2po (21)?2qo 


d?p d?q 


H i (21)?2po (21)?2qo 


( 

Len petioy (u^ (Pu (p) 
( 
( 


2poðag (27)? 0? (p— 


o| 


eg iratiey (uw (yu?) (p)) jeri d (v9 (gv (p)) | 
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3 . 
7 Gips dea [ee eut gung) + erect gelo) 
7)?2po b. Der AES 


3 
= lass 5a82D05a8 e ipo: (t—t)+ip: (x-y) 4 e ipo (t-t)-ip (x J 
0 


3 

= | sho [PEW 4 ct PED) aar - 9) (222) 
in agreement with Eq. (218). We realise that due to the equal times, the 
exponentials of the time differences vanish; in addition, because a@ and 6 
are external parameters, we cannot use Einstein's convention of summing 
over repeated indices, since this would eliminate these parameters and the 
right-hand side of the anti-commutator would not depend on them. Simply 
put, the a and f are not indices in some space but label the spin-states of 
the fermions and cannot be summed over. Finally, we used that 5° (x — y) = 


(y — 2). 


States To construct states with one and more particle states, we first 
realise that 


e bl (p) / b1,2(p) creates/annihilates positive-energy electrons with spin 
up/down and momentum p; 


e di» (p)/ dij (p) creates/annihilates negative-energy electrons — positrons 
with — spin up/down and momentum p. 


For example, a one-electron (positron) state with positive (negative) energy, 
spin-up (down) and momentum p is created by 


|+, p, T) = b1 (I0) 
|-. p, 4) = di(p)O). (223) 


While this looks straightforward, things become more interesting when con- 
sidering two-electron states, both with positive energy, momentum p, and 
one spin up and one spin down: 


|+, p, s p, 4) = bi (p)b4(p) 0) = —b3(p)bi (p) |0) , (224) 


where the sign is a reflection of the quantisation through anti-commutators. 
But if both electrons populate the same space in energy, momentum, and 
spin, for example 


|+, pfi p, 1) = b (p)b! (p) |0) = —b} (p)b} (p) |0) = 0, (225) 


i.e. such states cannot be produced. In fact double application of fermionic 
creation operators with identical momenta, energies and spins will annihilate 
any state. 
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Hamilton Operator To promote the Hamilton density of Eq. (217) to an 
operator it is sufficient to replace the fields with field operators. Plugging in 
the expansion in terms of creation and annihilation operators, using wy? = 
ul and v? = vt, and integrating over space, we find 


^ d?p Bg < 
= 3 
gis [° ^ (2x)32po (2m)82q0 25 | 


ij=1 


(e7"*dip) 0 (p) + e*il) a (p)) (i Y +m) 


` (a (g)u 9 (g) + eed ao) 


d?p d?q 
= 3 
a fa 5 (21)32po (21)?2qo 2. { 


-q+ m) vg) et 2iqoxo } l 
(226) 


where we the x-integration over space resulted in a ó-function, ó*(p — q), 
which in turn enabled the integration over p. Using the E.o.M. for the u 
and v spinors, 


and ty = ul and dy = «vi, 


du aJ am 2- { (åsa) [v9! Cu (g)] etiem 


- (didi) [v?' tov? p] + (B@b@) [uf tov? (o) 


+ (ada) [ut (go? (-9)| du 


With the orthogonality relations of Eq. (214) and their counterparts for 
terms ult (—g)v) (q) and vt (—q)u) (g), the first and the last term in the 
bracket above vanish. We finally arrive at the Hamiltonian 


3 2 
= | amd loi -ioio e 
which exhibits the same problems with infinite ground state energy as its 
counterpart of the Klein-Gordon field, cf.. Sec. 4.2. We cure this, again, 
by applying normal-ordering, Eq. (160) for bosons, which for fermion fields, 
however, comes with an extra minus sign to encode the Pauli exclusion 
principle, 


d! (q)di(q)= — dilad (q):= dj (a)di(a) - (229) 
'Therefore, the normal-ordered Hamiltonian is given by 
d?q : 
BUT ibm. Sama were: 
[asp Ys Boro + toda.) e 


Introducing number operators Nx for particles with positive and negative 
energy, electrons and positrons, 


2 2 

Nx(q) = 3; i (gbi(g) and N-(g —- 5 di(adi(g), (231) 
i i=1 

we see that the Hamiltonian merely sums the energies of these particles 


^ 3 ^ ^ 
=f ae av [Ño - N-(@)) . (232) 


Conserved Charge In a similar way, we can construct the (normal- 


ordered) charge operator :Q:. Promoting the fields in the 0-component 
of the current density Eq. (200) to field operators 


:Q:= [es Jib @)y h(x) - (233) 
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we arrive at 


2 


3 T " A 
Q- fum. Hehe - dee]. e 


i=1 


Expressed through the number operator this becomes 


3 

O= |a [8«9 - Xe], (235) 
and the overall charge of the system is given by the difference of the total 
numbers of positively and negatively charged particles. It is a straightfor- 
ward exercise to show that the charge is conserved, by asserting that the 
commutator of the charge and Hamilton operator vanishes; we leave this as 
an exercise. 
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5.3 


1. 


Problems & Solutions 


Dirac equation and Anti-Commutators 
Show how the anti-commutation relations for the œ and 6 matrices 
follow from the requirement that the solutions to the Dirac E.o.M. 


ier, t) = [ia Y + Bm] ylz, t) 


also satisfy the KG equation. 


Solution 


To show that w also satisfies the Klein-Gordon equation, consider the 
square of the equation and demand that it reduces to the differential 
operator of the Klein-Gordon equation, i.e. 


2 
Sve t) = [-ia- V + 6m)? yla, t) 


= [-(e- VY * £^m? -imla V - 6+ Ba-V)| ylz, t) 


3 3 
= = ` aiðiajðj + Bm? = im (aib F Boi) Oi ylz, t) 
ij=l i=1 


3 
= - $58? + m?| w(a, t) = [CV? + myle, t) 
i=1 
where we have imposed equality with the relevant part of the Klein- 


Gordon equation in the final line. Direct comparison with individual 
terms shows that: 


3 3 
-> aaj) = -»,8 
482m? = pe 
3 
—im) | (ai + Bai) = 0 
i=1 
and therefore 
Jj etd 


aib + pai = {ai, B} =0 
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2. Commutators with the Dirac Hamilton Operator 
Calculate the following commutators: 


(a) (A, f]; 

(b) H, L] with the orbital angular momentum operator L = f x p 
(o) [ĝ, 27 

(d) H, S] with the spin operator $ — -ta x à; 

(e) H, J] with the total angular momentum operator J = Ê + 8 


Hint: To alleviate the calculation, express the Hamilton op- 
erator with the a and £ matrices. 


Solution 


Remember that the Hamilton operator expressed through the a and 
DB matrices is given by 


and use the commutator [2^, p’] = iój; 


(a) [f 


An 


[H, 9] = [æ : ô + Bm, p] =0. 
(b) [H, L]: we calculate this commutator component-wise, 


[H, L'] = ela p+ Bm, 2p] 
= tgp, 2] = —icijka;jp" = [ip x a]' 
and therefore [H, L] = ip x a. 


(c) [H, £7]: 


= eif, LP = o; (I9, Li‘ + Pg, £4) 
= idia; (Fi + Lh) #0. 
(d) [H, S]: we calculate this commutator component-wise, 


i iR 
]2- 7" [a - pt Bm, ajar] 
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-ijk jetik » 
re [(26,; — ajay)ap — o5(2ój, — arap )] 


m= i (P'ar - p*a;) = idi pla, = — [ip x a]' 
and therefore 
(9) 8. 3] = -P x a: 
[A, J] = (H, £j + (8, 8] =0. 


This proves that neither orbital nor spin angular momentum are 
conserved quantities for the free fermions described by the Dirac 
equation, and only their total angular momentum is conserved. 


3. *Direct Solution of the Dirac Equation Solve the Dirac equation 
directly, by using the specific form of the y matrices in the Dirac form. 


Solution 


We express the Dirac spinor in the equation of Eq. (??), (i7“O, — 
m)v = 0 by decomposing it into a plane-wave factor multiplying two 
two-component spinors, 


iere um ( i ) 


Using the Dirac y matrices of Eq. (??) we then obtain an equation for 
the two components as 


acep -E-m y a 
where p” = (E, p). To solve this system, its determinant must vanish 
and we arrive at 
E-m —co-p 


= 2 2 E ae EE A. 2 
o-| Du eeu (E* — m^) + (a +p) Bae pm. 


and we recover the well-known energy-momentum relation leading to 


solutions if E = +,/p? + m?. 
For the positive energy solution, the system hs the form 


(E— m). — (a: pjp- 
(c: p)V4 — (E+ mv. 
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implying that px 


Vei n ER 


p4 


and therefore he positive energy solutions are given by 


V. 
u(p) = u4(E, p) = c.p 


Bam 


with two basic spinors v4. for spinup and spin-down solutions given by 


e-() m (2) 


Similarly, for the negative energy-solutions we find 


a:p 


u_(—E, p) = E Fm 
[7 


T 


with two basic spinors v4. for spinup and spin-down solutions given by 


=) Mid e 


The last thing to note is that for the negative-energy solutions there 
emerged a relative sign between energy and momentum, which makes 
the assignment of a plane-wave factor tricky. Therefore the v-spinors 
where introduced such that 


g:p 


4. Dirac spinor relations 


(a) prove, by explicit calculation, that 


a (pyu) (p) = 2mà;; = —0 (pv) (p) 


for all combinations of i and j and that 


a (pju (p) = a (pv? (p) =0. 


* 


For all scalar products use that ū = uly° and thar pi = pz- 
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(b) prove, by explicit calculation, that 


2 2 


Y ua = (pom), Dla = (b—m)ag 


i=1 i=1 
(c) can you find a normalisation constant 7 such that 


2 


2 
OO (tm (50 (Pom) , 
pu (I) s M88 d 


This is another often usec normalisation. What does it imply for 
the scalar products? 


Solution 


(a) Scalar products üu and tv, for n = VE + m: 


i NOE. 0 0 1 
0 01 0 0 0 
i) (p)u( (p) = s? 
ua (pju (pm f 4 
E Pe 0 0 —1 0 Efm 
= + 
= 00 0 -1 = 
RINT p Pz py 
(E-c-m)? (B£+m)? 
E? +m? +2Em-p  , 2m 
= mJ E n = 2m 
(E + m)? E+m 
1 \”/10 0 0 0 
0 01 0 0 1 
ai) (pyu() (p) = s? 
u (pu^ (p)—m : - 
E - m 00-10 Bem 
ze 00 0 -1 E 
2 Pzp— PzP- 
= 0 0 | —0 
P (os (E+ my gap) 
ON PEO: 0 0 i 
1 01 0 0 0 
aP (pju (p) = s? 
w“ (pju (p) = 7 1 
u Bim 0.0 —L 0 Bim 
—Dz + 
E 00 0 -1 xL 
2 PzP+ PzP+ 
= 0+0 = 
P (os (E +m)? gap) 


105 


1 0 
0 1 
P 0 0 
Be 0 0 
2 
EMT pe 
— 0 1 
0 0 
0 0 
BEER; 
y (+m)? 


ooo 


BN NEU 
= 0 1 
0 0 
0 0 

PzP- 
(E +m)? 
NU d 
pz- 0 1 
0 0 
0 0 

PzP+ 
(E +m)? 
RN UR 
pz- 0 1 
0 0 
0 0 

Ne - 
2° (E +m)? 
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E+m 
E] 


i 


E4 


rm 


E4 


rm 


2m 


Scalar products of tu and wv: 


E 
= o gt 
nas 
Rl MCN 
mS 
re 
Se ee o 
l 
eo; os 
E 
ooo gt 
roO c m 
Db C: 
E 
ao gc 
B 
E Sa) oN 
> 
Se d 
m l 
Il 
CY 
2 
=a 
Sl 


A 
a'ia 
p S d 
po 
re 
ooo! o 
| 
So 5 a cep. 
E 
on oo a} + 
mt OO: m 
i re 
E 
L——. J+ 
JEJE D 
ÁAtdt= o > 
RQ C 
> 
Ne, 
N | 
c 
Il 
CY 
& 
= 
Syl 
Te 


MM 
E |E 
Att oO 
nias 
pep NM c 
MM 
re 
ooo D 
Il 
ooo ^7 
Pile 
ouoo Tice 
E 
ooo 
Se 
ale 
oS Te 
g E 
= O gd s 
Isa oN 
c 
| C -— 
A. l 
Il 
CY 
€ 
Esa 
al 
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1 0 0 ÉL 
0 01 0 0 -pz 
DBD nid Erm 
u "(pv (p) = 2 
(p i pe 00 -1 0 0 
Er 00 0 s 1 
2 p- p- 
— =0 
A Ces zx) 
ON" £20 od 6 oo 
1 01 0 0 P+ 
MATRE INN Era 
u“ (pv*'(p)—m 
(pv (p Erm 00-1 0 
E 00 0 -1 0 
2 P+ P+ 
= = 0 
i (zz E) 
ip oV PE Oe 0 0 m 
1 01 0 0 -Pz 
(ues uini. 2 Fun 
ua (p (p) = 
(pv (p Ben 00-1 0 0 
E 00 0 -1 1 


(b) We will use that p? = E? — m? = (E + m)(E — m) and that the 
product of a “column-vector” and a “row-vector”, v. vf, yields a 
matrix-object. 


2 
uut) = [b+ mag = [E pe eat aa 
1 


< 
Il 


E+m 0 —pz —p— 
0 E+m -p Pz | 
i Dz pa —-E+m 0 
| P+ —pz 0 —E-tm L 
1 ES Pa hh d» a 
| 0 0 01 0 0 
= p pz ü cp 3 
BE Xu Dco ded 


0 OVE we qeu 
1 1 0 1 0 0 
+ 
EU fon 00 -1 0 
EL EL UE E E poss 
| 1 pDOXT 0 0 j 
" 0 0 1 1 
zm. Pz —Pz T p- —P+ | 
E--m E+m E--m E+m 
P+ —p- —Pz Pz 
E--m E--m E+m E+m | aß 
0 0 0 0 
= (E+m) jid 2 m 
E+m (E+m)? E+m) 
P+ 0 PzP+ P+p- 
E+m (E+m)? (E-4-m)? 
0 0 0 0 
T 0 P- P+p- Pzp- 
E+m (E+m)? (E+m)? 
0 Pz PzP+ p2 | 
E--m (E+m)? (E-4-m)? 
| E+m 0 —p; —p_ | 
0 E+m —P- Pz 
Dz p- —-E+m 0 
D+ —Pz 0 —E-tm 


The calculation for the v's follows the same pattern. 
(c) The normalisation then would be 7? = (E + m)/(2m) and result 
in 
a” (pyu (p) = 6; = 9) (p)v (p) 
)2 265 =v (pv (p) 


g 
pan 
c 
Is 
wa 
S 
& 
c 
Is 


5. y Algebra 
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Prove the following identities 


Pu = 4 
Qoa. ee 
Tey) = gn" 
T S R E E g de sqgHrgum 


Solution 


Straightforward matrix multiplcation shows that 


1000 
0100 
0 1 2 3 rM 
(Y yo — Y m — N — Yuma gog qo g mks 
000 1 


and summing them thus yields 4 


Alternatively, without using the explicit representation as matrices: 
u AT lor 
We = s Y Wh = 329, = 4 
because g% = ôf, and we thus sum over the 4 entries of the four- 


dimensional unit matrix. 


Using the anti-commutator of the gamma-matrices and cyclicity of 
matrix multiplication under the trace operation yields the next two 
desired results 


quaa = egere) esu dan 
Eg.) = ; Tr(yhy’ +y") = 5 Trag") = g""Tr(1) = 49^", 
where in the last step we realise that the trace is over the 4 Dirac 
(spinor) indices. 
Finally, with the same steps, 
Tr [P] = Tr [h (2g ener 
B ab adi, nm dd 
= 8g gh Se" g? + Tr [yy] 
= 8g9/"g"" — 8g"? gl? + 8g" gP — Tr [q? y y" P] 
= 8g” g + Bgl? gP — 89° g7 — Tr [taa] 


and therefore 


2I] = 8 (g"" g^ + BGM gr? — 8g"^g^7) 
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6. Dirac Hamiltonian from Creation and Annihilation Opera- 
tors 
Show that for the Dirac field indeed the Hamiltonian (not! normal- 
ordered) is given by 


A= [ash = x | ais, Lobo -iwi 


Solution 


Plugging expansions of fields in terms of creation and annihilation 
operators, 


3 , ; ^ ; j 
v= f Tapa 22 [tho +e dln 


3 2 
v = [gelo [PO Odin) + enr ono) . 


2n)?2po — 
where multiplying from the right with ^? for the latter gives (remember 
(PP =1) 
- d?p cy ee ipz (3) y MET 
B= | m [e "994p + ea (il) . 
i=1 


into Hamiltonian from lecture, expressed in v and v, gives!! 


A= yi(-ia- V + Bm) = ġir: V m 
and therefore 
H- [een ii +m) 
+,0 


"We use a lot of spinor identies, such as à = u!y° etc. in the following and try to make 
them explicit through lots of intermediate steps. Remember that 


By = $6(00) - (05)6 = FEY) - GOW 
Two other identities we will use arise from the E.o.M.: 


-4 + m)u(p) = Eyup) 
-4 — m)u(p) = By°u(p) 
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» 3. d» dq < 
S IE "(232p (21)32qs PI 
[e 799 (p)di(p) + eu? (jl to)] Cin L +m) 


e tu (g Jô; (q ) + ely (q )d!(q) } 


i Pre i aa Dx | 
[e0 (w)d(p) + ea (yid) 
x [yg + meu!) (q)bj(q) + C7 a n)e v0 (gd (q)| 
- [e~*0 (pdip) (=a: p + m) + ea (o) o) v p+ m)| 


x [mnis + eod] | 


[es ip a Y 
2 (21)32po (2)?2go A 


|e 7o (p)di(p) + eu? (p)bj (p | 2:12 


[ KOIA ) = elu) (g)dl (a) 
- [e 9 (p)d;(p) - ea (pdt (p)] Ej" 


[eta + eds] } 


1 : a - 
n Sp Ti D 
2 (27)?2po (21)?2qo <=, 
Ey [ccu nm (pu (q)di(p)b;(q) 


eio mou (pu (qb! (q)b;(p) 


- HP DryH (50 (q)di(p)al (a) 
(P+ 9? ut (i) (pv? (q)b! (q)d! (q) 
-E, [etre yt (p)u (q)di(p)b;(q) 


—eilP—a)ty iG) (p)u (q)b! (q)ó; (p) 
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+ eto) yt (p)vD (q)d;(p) dl (q) 


-eo*9* ut(i)(pw jl] oydl (a)] ) 
td d?p Bq < 
7 i| om (27)?2q0 Xl 
E, (2795? (p + a)vf (pju (g)d;(p)b; (a) 


+27)? (p — gut ? (p)uC? (q)0! (a)b;(p) 
— qh! (pv (g)d;(p)d! (q) 
gut (i)(p)o (g)6) (a)d! (a) 
av (p)u (gd (p)b; (q) 
— (21 )953(p — gut (pu (g)0] (a)6;(p) 


+ (22)969 (p — gut (pv (q)d;(p)d (q) 


- (2*8 (p + q)ut (i) (p)v 9) (bl (a)d (a) Y 


- eise 
2 J (22)?2po 2po Eme 


po [vt (pu (-p)d;(p)6; (p) — wtG) (pv (756) (a) d] 7p) 
+ul (pju (pb) (pb; (p) — of (p)v? (p)d;(p)dl (p) 
-po [vl (g)u? (—p)di(p)bj(—p) — tO (po (—p) 61 adp) 


uf (p)u (pil (pb; (p) + ot O (p)v? (p)d;(p)d! (p) j 


2 
= 1 / P Y. {Hou Hil inb) 


2J (2m)92po ; 


Jj-l 


— 1 pu) (p)d;(p)d! (p) ) 


3 x A ^ 
2 i aot > [Hoi - dao] 


$e 


7. Gordon identities 
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(a) Prove the Gordon identities 


2ma(p, lp) = Wp) [Or + pan + ioul — p3Y | wtp, 
amo(p,)1.0(P,) = -9(p) [os Ores p u(p,), 
where ' 

zy = 5 Dus 0v] 


(b) Prove that 
ü(p,) leuv(px + p2)"] u(p,) = iu(p,)(px — p2)” u(p,) 


(c) Write the current J, = ü(p,)pfivup2u(p,) as 
J, = ü(p,) | Film, q?)y, + Film, a?)ouq" | u(p,) 


with g^ = p5 — pi and determine the functions F} (m, q?) 


Solution 


(a) Let us evaluate the terms proportional to o,,,, by repeatedly using 
the Dirac E.o.M.’s 


(j—m)u(p = 0 , u(p)(j—m) 
(jc m)v(p) = 0 , B(p)(b+m) 


and the anti-commutation relation of the y-matrices, (^j, Ww} = 


29: 


ip.) [intr — pa)” | up) 


TN buo s eri EM ito) 


alp,) buo Ee A u(p,) 


1 


Wulp) + 5 ü(p,) D + by u(p,) 


= -mü(p)yu(p,) 


u(p,) [nut — fiu + 29up5 — se u(p,) 
= cu) [2m + (or eos? yalp), 
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which proves the Gordon identity for the u-spinors. For the ex- 
pressions v-spinors the proof is completely analogous, the only 
difference is the sign in front of the terms proportional to mass. 


(b) 
ao.) [rr +m) ut) 


a(p,) buo x33) S eos] TA 


= imá(p ulpa) + fap) huh = e| ute) 


= imü(p,)u(p,) 
+5i(,) fowr E Pio = 29uvP2 E» sh u(p,) 
= iu(p,)(pi — pz)" u(p,)- 


(c) To evaluate the current let us take a look at the argument first 
(and keep in mind that we can replace u(p,)p2 > u(p,)m and 


piulp,) > mu(p,). 


Prub2 = (204 Juv — wh) p2 


2piuf2 — Yu (or quie 2 


2 (rus + pou — pı ny) — P»xyubi 


and therefore, with q? = p? + p2 — 2p - pp = 2m? — 2pi - po, 
Jy = U(D,)PrYup2u(P, ) 
= u(p,) E (nue + pnm my) = jid u(p,) 


- dip) [mis + Pay) - Gi -p2 + n?) | up) 
= ü(p,) | — 2mtowd + Ca + mr u(p,) 


= (p) Fm, Pru + Fin Pow] uly, 


where we have used the Gordon identity from part (a) in the last 
step. Comparing coefficients we arrive at 


F, = (q? +m?) and Fy = —2im. 
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8. *Dealing with ^5 
We introduce 55, given by 


| i ETT 
q5:— y = iy^ y yy = — ap ener Y ^y = ( 1 0 ) 


(a) Confirm, by direct calculation and comparison that Hermitian 
conjugates of the y-matrices are given by 
rena p 
Use the definition of y5 to show that 


dans 


and that 
Ty 2:31 =0. 


(b) Show that 
exp[—i0y5] = cos 6 + iy5 sin @. 


(c) Analyse the behaviour of the free Dirac field Lagrangian under 
chiral phase transformations given by 
y => y = exp [ibys] v 
yt 2 Vf = ypt exp |-ie3]| , 
and keep in mind that the Hermitian conjugate of 45, i — ^5. 
Under which condition is the Lagrangian invariant under this 


transformation, i.e. which condition must be fulfilled for £L’ = £ 
to hold true. 


Solution 
(a) Direct calculation yields 


yet PPP ese 


oio_ _/1 0 0 +0; 1 0 
17y =o 1 —o; 0 0 -1 
= 0 —0Oi = 0 Oi t 
m +0; 0 B —o; 0 d 


because c] = gj. 


yt 


- (99g g^?) oce leet yt 
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= Spy ye yee =n eee 


= IP Pay? = iP PP? = IP yvy! my, 

where we have used that yoyo = 494? = 1 and the fact that the 
different y-matrices anti-commute. 

For the anti-commutator, we use that squaring the ^^ results in 
plus or minus the unit matrix, (7°)? = —(4*)? = 1, and that 
the y-matrices anti-commute, which yields a minus sign for ev- 
ery “swap” of y-matrices with explicitly different indices. We 
therefore have 

{r m} = i (Y y S Y Ea twn) 
—0 dps Un UE 228 71-0: 1.2; 3 0 


) 
0 
wal is i(yqMyWyM PEITTI) 
_ = PPP — PP 0 =A 
ERE LPLI xx dai 9 
— Lola 4 Wnla3 — Q 
Uc NS qeu 
= PP- Pr = 0 


2 


To see how this works, remember that fnctions with matrices as 
arguments can be defined by their Taylor series, and therefore 


oo 


exp|t075] = `> (ibys)! 
k=0 


Let us first calculate powers of y5, 


i SI o HIPS 20 
dp ros Hed o9. T deua TPA 


and we see that even powers of y5 are the unit matrix, while odd 
powers yield the y5. Thus 


exp|i075] = cos0 + iys sin 0. 


(c) Reminding ourselves that the “barred” spinor is given by v = 
w'y00 and therefore 


bow = v! exp[is16]!4o 
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> 
Ignoring for a moment the O notation, the Lagrangian trans- 
forms as 


Loli = P (id — m) y = yt exp[iy16] 4o (id — m) expliors]y 
yt | cos 0— inl sin J Yo (id — m) [cos 0 + i^ys sin 6^5 Y 


V! [ (cos? Oaol) + (cos 8 sin0) (sie 8 — 9°95) 
+ (sin? 8)jo Gus] v 


—mi I» cos? 0 + i cos sin 6 (s — Lr) 


+7075 sin? ] Y 


= f [eos a),0(i)  costsin (15729 — 5s) 
+ sin? Pasoliðhs| Y 
Last ho cos? 0 + i cos 0 sin Ü (s = 151°) 
+ 757075 sin? ] p 
= t fro (cos? 9 + sin?) (9)] o 
yl ho (cos? 0 — sin? ) +0 (os cos 0 sin ) mw 


= ibdb — mip [costa + ys sn(26)| Y 


where we have used that y5 anti-commutes with every other Ņ- 
matrix and that its square equals to 1. 

This shows that the free Dirac field Lagrangian is invariant if the 
fermions are massless, i.e. if m = 0. 


9. *Spin Operator The spin-operator for Dirac fermions,expressed by 
the y-matrices is given by 

i 

4 

(a) Show that it can also written as 


1 


S=- 
3 = 575107: 


S= aoo 


where y5 = 1019273- 
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(b) Prove that the spin operator indeed satisfies the spin/angular 
momentum algebra (a SU(2) algebra), given by 


[95 $I] enge eS. 


(c) Prove that 


Io» 
I 
A] oo 


Solution 
(a) Using the anti-commutator relation for the y matrices and 497? = 


1 and yy’ = —1 we find that 


LR dr Ae a = | 
m VIVE = 9 10% = 9 1011921307 = 9 172708 - 


For example, for i = 1 we then have 


A Pa; i i i 
$ = g Uw = 24 = gar = cu 


and similar logic gives us the results for i = 2 and i = 3. 


(b) To calculate the commutator, we will use the anti-commutator of 
the y-matrices and the anti-symmetry of the Levi-Civita tensor. 
We need to compare the result for the commutator with 


rA 1 1 e A s 
ic^ S = EET = E (i4? E yi») 
and therefore 


k 8| — jik âk -4 (iai = yin) 


CE 

= gE €" Dan, mn 
T. onus 

xb d cd (Ire Ym] Yn + Im Pris vel) 
do Lass 

EET M di (x [ts Ym} In — Ores Im} Nn 


F^fm^fk yt, Yn} — Ym {Yes Mn} 1) 
oae. 
= z di e (onnen — Jem Wn + Jin Ym Vk — aso) 


kl .jnl kl .jnl kl _gnl kl jnl 
— g (E €" Qva t € €" In — €^ 8 wok — € 87 f 
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T ras 


TE E E 
= z (gig _ ng) (ves - wi) 
moz Luo eds ua cns Vise eds 


(c) Let's now calculate $?: 


a2 D eee: at 
S — — eik im 


16 VIVY Ym 
= E (gg - gg) "ccs E (amo B vh?) 
TUS | (2a; = WYP + 3y] - ds E dose yy] 
12 3 
~ 76 4 
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6 Electrodynamics 


In this section we will quantise electrodynamics, by quantising the free vec- 
tor potential that gives rise to the (free) electromagnetic fields. It turns 
out that this results in a somewhat more involved procedure; while the vec- 
tor potential has four components, which we would naively treat as four 
independent quantities — scalar fields — and quantise them accordingly, the 
gauge invariance of the fields implies that in fact there are only two physically 
meaningful degrees of freedom. This means that, naively exercised, our algo- 
rithm of second quantisation would lead to a degree of “over-quantisation” , 
i.e. trying to quantise objects that cannot and should not be quantised in a 
consistent and physically meaningful way. The solution to this is to fiz the 
gauge before quantising the fields, which is nothing but the imposition of 
additional external conditions. 

The quantisation of the four potential is, as indicaed, a somewhat tricky 
business. In my opinion, the best explannations of the procedure can be 
found in Chapter 5 of Hatfield's book [3], and in Section 3.2 of Itzykson & 
Zuber [12]. 


6.1 Gauge Invariance as Obstacle 


Lagrangian and Gauge Invariance, once more Remember the (free) 
Lagrangian of Eqs. (125) and (133), 


E? — B? 1 
L = 7 — 1T" Fw, 


where we have set the current to zero, j“ = 0 and moved a factor of 47 into 
the vanishing j"A,, term in the first expression. It is simple to show that 
under the gauge transformations of Eq. (120) , 


A! — AP — AP BHA, 


the field strength tensor F"" is a gauge-invariant quantity. In fact it is a 
constant, 


pov 2, pv — 9h AV — ov Ale = O(A” — 0" A) — O^(A^ — OHA) 
= 0h AY — QAM = FW". (236) 


Reminding ourselves of the connection of the field strength tensor with the 
electric and magnetic fields E and B, Eq. (122), invariance of the fields 
under gauge transformations is manifest. 

This has two implications, which are worth making explicit: First of all, al- 
though we will explicitly quantise the vector potential A” and only indirectly, 
through it, the fields, the latter are the physical quantities, measurable in 
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every day life !?. Secondly, and in the context of what follows more impor- 
tantly, we may use special forms of the gauge transformation, Eq. (120), to 
eliminate some components of A“ without impacting on the physics. But 
this also implies that there are less than four physically meaningful degrees 
of freedom encoded in the vector potential, and we will have to deal with 
the problem of how to quantise a system that has less physical degrees of 
freedom than the field that is used for its description. 


Fixing the Gauge Let us discuss now some of the conditions that can 
be imposed on A", which effectively fir the gauge. Looking at the form 
of the field strength tensor it is worth noting that F9? = 0, which implies 
that there is no conjugate momentum for the temporal component of A”. 
Defining them, as before, through 


qu = bs (237) 
OAH 
and specialising on u = 0 yields 
0 OL 

f zm AD = (238) 

This motivates us to use a temporal gauge defined by 

t 

Me = f dt! A(t’, a) (239) 


which results in AS = 0. 


Coulomb vs. Lorentz vs. Axial Gauge It turns out, however, that 
this does not yet entirely fix the gauge and an additional condition has to 
be applied. Three types of gauge, with different calculational advantages 
and disadvantages in different situations are frequently found: 


e Coulomb gauge, defined through 


V-A=0. (240) 
e Lorentz gauge, defined through 

ð, A" = 0. (241) 
e Arial gauge, defined through, e.g. 

A, = 0. (242) 


"The impact of a finite vector potential in regions where the fields vanish is subject of 
the Aharonov-Bohm effect, which is discussed, for example, in Chapter 2.6 of Sakurai’s 
book [11]. 
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Polarisation Vectors and Degrees of Freedom To build on this idea 
of gauge fixing, let us analyse in some more detail what this actually implies. 
Most transparently this can be done in Coulomb gauge. For free fields, i.e. 
with j = 0 and, in particular the charge density p = j° = 0, A? is not 
a dynamical degree of freedom: its derivative w.r.t. time is not present 
in the free field Lagrangian and hence its conjugate momentum vanishes. 
The temporal part of the gauge in Eq. (239) fixes this constant then to 
A? — 0, making the lack of dynamical relevance explicit. This leaves only 
the spatial components of A, A, and the field strength tensor is composed 
of the components of V x A, as FY = @ A) — 9) At, 

But imposing the Coulomb gauge condition by demanding that the diver- 
gence of A vanishes, V - A = 0 we exposed that there is a longitudinal com- 
ponent of A, Ar. By definition of it being longitudinal, V x Ay, = 01%. This 
implies that yet another component of F vanishes, or, differently put, we 
see that also Ar, is not dynamically relevant. This shows that the Coulomb 
gauge is the one where the longitudinal degree of freedom vanishes, Ar, = 0. 
Not surprisingly, imposing two conditions on the four-vector A" eliminates 
two of its components, and we are left with two degrees of freedom. The 
logic above, eliminating the temporal and longitudinal parts of A from the 
dynamical degrees of freedom means that we are left with two transverse 
degrees of freedom Ar. 

To make the physics of this more explicit, let us see how this works out in 
practice. Assume we want to describe a quantum of electromagnetism, a 
photon, with momentum k. It's four-momentum of course is given by 


k" = (w, k) with w = ko = K^. (243) 
'The relevant degrees of freedom for the photon are its two remaining po- 
larisations. They are usually denoted by A = {1, 2} and represented by 
polarisation vectors zs xU) Fourier transformation of the gauge conditions 
above then become conditions on products of the three-momentum and the 
polarisation three-vector; while the temporal gauge condition implies €? = 
we have: 


k-.e(k) = 0 (no longitudinal polarisation). (244) 


Demanding additionally that the polarisation vectors are real and ortho- 
normal we have 


€ay(K) + £g (Ek) = 9. (245) 


The simplest way to see this is to assume a fixed longitudinal axis, for example the 
z-axis. Then the photon momentum k is parallel to the z-axis, but, in addition, also A;, 
the logitudinal component, is parallel to the z-axis. Fourier-transforming the condition 
then yields k x Ar = 0 and therefore V x A; = 0. 
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A simple way to guarantee this is to orient k along the z-axis. Then 


ea) = (1, 0,0) and eg) = (0, 1, 0). (246) 


6.2 Coulomb Gauge 


Logic of the Procedure We will try to explicitly follow the algorithm 
for the second quantisation of a field as summarised in Fig. 1, and highlight 
specifically, where this algorithm starts to crash. Identifying the components 
of A" as the fields to be quantised, we have: 


1. determine conjugate momenta 7” 


aL d us E ES 
JUNE ee 2 (247) 
adv | aL 
Tm = x = — E; . 
aAi 


This makes the anticipated problem of vanishing conjugate momen- 
tum for A? manifest. Further down the line it will prevent us from 
quantising it, because we will not be able to produce a non-vanishing 
commutator between this field component and its conjugate momen- 
tum: for our choice of Lagrangian, it is guaranteed that [A°, 7°] = 0 
irrespective of what we try to do and therefore quantisation of A? is 
bound to fail. 


2. construct the Hamiltonian 
As before, the Hamiltonian density expressed through the electric and 
magnetic fields is given by 


; E? + B? 
H = Ata,—£== To +E- VA, (248) 


where the last term obviously vanishes if we set A? — 0. 
3. promote fields to field operators 


4. demand equal-time commutators of fields and conjugate momenta 
Due to 7? = 0 we have only non-vanishing equal-time commutators 
for spatial components, namely 


|A, x), àlt, y)| = iyl- y) = — Ait, x), Éj(t, y) 
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Dealing with 45: Gauss’ law To re-iterate: the fact that 7° = 0 means 
that also the field operator vanishes and hence commutes with every field 
operator. Therefore Ag is not a dynamical variable, and Ag = 0. This 
means that Ag is not an operator but an ultimately inconsequential number 
in our construction of a quantum field theory. However, there is a direct 
consequence of it being not dynamical: 


OL 
— =0 — V-E=0, 250 
Ao cl ( ) 
Gauss’ law in the absence of sources 

We would of course be tempted to implement this as a wonderfully physical 
constraint on the field operators. But this would lead to yet another way to 
see the problem with the procedure. Going back to the commutation rela- 


tions, and forming a divergence we would arrive at, somewhat schematically, 


= [hts y E69] = Dag @-y. CD 


This is difficult, because while the left hand side of the second line vanishes, 
due to Gauss’ law, the right hand side doesn't. This implies that we cannot 
implement Gauss’ law as an operator equation. 


Dealing with Ao: Conditions on the States Realising that we cannot 
implement Gauss’ law as a direct constraint on the field operators, we could 
try and rephrase it as a condition on the allowed states |) forming the Fock 
space on which the operators then act. We would proceed by demanding 
that all physical states |p} satisfy 


V- Ely) = 0 (252) 


and would classify all states that do not fulfil this criterion as unphysical 
and ignore them. It is a bit cumbersome to show that this doesn’t work 
either and in fact would also violate the commutation relations. 

The next weaker constraint, however, works. Demanding that for physical 
states Gauss’ law is satisfied as expectation value, 


(y| VE|v) = 0 (253) 


14To see this, let us go back to Eq. (119), which encodes the connection of the vector 
potential to the electric field, and form its divergence, i.e. 


V.E- V. (-VAo - ðA) = -V- (&A) = -& (V- A) =0, 


where we have first used that Ao = 0 and then employed the Coulomb gauge condition 
after switching the sequence of derviatives. 


125 


encapsulates this part of Maxwell’s equation as an average. We will come 
back to its implications at a somewhat later state. 


Solving the Crisis: Transverse ó-function The solution to the prob- 
lem of Gauss’ law is to modify the commutation relation in such a way that 
they automatically encode it. This is done by replacing the ó-function on the 
right hand side of the commutation relations of Eq. (255) with a transverse 
ó-function, à defined as 


dk , kik; 
3 tr as tk: (a— ed 27v] 
ó4ó0 (x-y) — és (x — y) = lam eic (€y) (4, = 23 3 


The modified commutators then read 


A(t, 2), a(t, 9| = he-u = -[A(tz). È| -| (255) 


It is easy to show that the gradient of the transverse ó-function with respect 
to z or y vanishes, because derivatives will produce a term +k; multiplying 
the rounded bracket, and 


kikj kjk? 
D (5) - 52.) LEE ED (256) 


This means that, with the modified commutator relation, V - E now com- 
mutes with every meaningful operator, and in particular 


We can therefore safely set it to 0, asserting the validity of Gauss' law. 


More Benefits of ô! As a byproduct, forming a divergence w.r.t to the 
x-position yields 


[X Alt, 2), £j(t y)] = 0. (258) 


0. 


and we recover the Coulomb gauge condition V - A 


Non-Vanishing Commutator at Space-like Distances But there is a 
little snag. Replacing the ó-function with its transverse modification implies 
that it is not guaranteed any more that the commutators [Aj, Ej] vanish for 
space-like distances. This looks like a severe problem with the causality 
structure of the theory. However, there are two answers to the problem. 
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1. A is a gauge-dependent quantity and therefore essentially unphysical. 
It cannot directly be measured, and therefore, any potentially harmful 
a-causal behaviour may not have physical implications. 


2. careful calculations reveals that while [A;, Ê;] may not vanish for 
space-like distances, the commutators of the physical E and B fields 
and their components do vanish, irrespective of the use of the trans- 
verse ô function. 


Creation and Annihilation Operators Reminding ourselves that we 
have set A? = 0, the field is expanded in terms of plane waves and creation 
and annihilation operators as 


(259) 


where the sum is over the two polarisations of the photons and, similar to 
the case of the Dirac spinors, we have “scalar” creation and annihilation 
operators for each of the polarisation states. As before, the creation and 
annihilation operators enjoy commutation relations, namely 


|a, A), alg, i)] = (2m)*2k0 (6 — 9) bx (260) 


with all other commutators vanishing. 


More on Polarisations Note that we now also allow complex polarisation 
vectors, to capture, for example circular polarisations. Assuming that the 
photon momentum is oriented along the positive z-axis, k = ke,, we could 
use real polarisation vectors for linear polarisations, as 


z? 


0 


ee WU and O=)(k) = (261) 


or 
Om. oo 


© 


while for circular polarisations we could write 


gonna) = ie l (262) 


Using four-vectors instead of three vectors means that we replace the transver- 
sality condition with k” - e, = 0, keeping the ortho-normality condition of 
Eq. (245). 
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6.3 Lorentz Gauge 


Modifying the Lagrangian One of the issues with the Coulomb gauge 
is that it is not Lorentz-invariant. To achieve this invariance, though, we 
will need to demand commutator relations that fully reflect this symmetry, 


Ault, 2), A(t, 9] = igw? (E -y). (263) 


This implies, obviously, that all four components of the vector potential have 
a conjugate momentum, and, in particular, that 7? doesn't vanish. Since 
n° emerges by differentiation of the Lagrangian w.r.t A°, we must modify 
the Lagrangian such that this derivative does not vanish any more. This is 
achieved by modifying the free-field Lagrange density, 


1 1 
C= ZF Ry, — |£2-1P"R,- 5 9,4"? (264) 


Here, o is the, in principle, arbitrary gauge parameter, and physical results 
should not depend on its actual choice. This kind of modification is not un- 
known from classical mechanics, where external conditions on the dynamics 
are often encoded through the method of Lagrange multipliers 15. 


Modified Maxwell Equations and Feynman Gauge Adding a source 
term 477, A", the resulting Maxwell equations read 


8,0" A" — (1 — o)0" (B - A) = 4nj" , (265) 


and it is suggestive to set a = 1 to recover their original form. This gauge 
choice is commonly referred to as Feynman gauge. 


Conjugate Momenta As usual, the conjugate momenta are calculated 
by differentiation, and we have 


p 
aA, 


nm? = —a(d- A) 


apa (266) 


T = = F”? — ag? (8 . A) — { 


Clearly, the modification of the Lagrange density only modified 7°, which 
now is proportional to the gauge parameter a. 


Imposing Lorentz Gauge We now have to decide how to impose the 
constraint ô- A = 0 which defines the Lorentz gauge that we chose at the 
beginning of this discussion. Adjusting the commutators, like in the case of 
the Coulomb gauge, is not viable, because we have already postulated the 


See for example the discussion in Goldstein's book [9]. 
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commutation relations we would like to use, namely the ones in Eq. (263). 
We also cannot impose the constraint 0- A = 0 as an operator equation, 
because this would imply that 4? = 0, and we would not be able to recover 
our postulated commutator relations. 

This means that we are forced down an avenue that we briefly considered in 
the case of the Coulomb gauge, by demanding that we implement the gauge 
condition as a condition on physical states. We realise very quickly that it 
cannot be realised as a condition on physical states |Y}, 


8. Alp) — 0, (267) 


for the following reason. Consider the expectation value of the commutator 
relation Eq. (263), specified for u = v = 0: 


(1 [A*(t, 2), ACE, y) | I) = i8 (e — 9) (WIP) . (268) 
But at the same time 
&? |y) = (8- A) |b) 20 (269) 


enforces that the l.h.s. of Eq. (268) must vanish, while the r.h.s. does not. 
'This rules out the weaker constraint as a viable, consistent option. 

'This leaves us the only option to encode the gauge condition by demand- 
ing that it holds only true for expectation values of physical states, i.e., 
demanding that 


(ya Alp) =0 (270) 


for physical states v». To implement this, it is sufficient to demand that for 
the positive energy/frequency A4. part of the field operator we have 


3- Â, |v) — 0, (271) 
because we can write 
wa- Aly) = wl (8: Â- +0: Â+) Iu) 
= (a. ÂW) p) + Wla ÂL). (272) 


We will use this after we defined polarisation vectors and expanded the field 
operators in plane waves and creation and annihilation operators. 


Field Operators The field operators are expanded as 


3 


^ 3 $ à. 
À 9) = | re L [Para + tana net 


(273) 
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where we have chosen four linearly independent polarisation vectors as 


1 0 0 0 
0 1 0 0 
MOB = j 5 |, PH=] 5 [,.P%HM=] 1 |, CH=] o 
0 0 0 1 
(274) 


For simplicity we assumed that the photon momentum is oriented along the 
positive z-axis, k || e, It is easy to check that the polarisation vectors satisfy 


eA) (k) - eo (k) — eO (ker (k) 9x ; (275) 


where the differnence between labels (A) for the polarisation vectors and 
their components - the Lorentz index u has been made explicit. A simple 
calculation shows that the commutators of Eq. (263) are satisfied, if the 
only non-vanishing commutator of the creation and annihilation operators 
is given by 


âa), al(g)| = — Q2?) ko) 9 (s — 0). (276) 


Hamiltonian The resulting Hamiltonian density is given by 


^ 3 3 
dio | ooh z COLOR eho] (277) 


The form of the Hamilton operator exhibits a potential problem: clearly, 
scalar photons, i.e. those with A = 0, come with a negative sign, opposite 
to what we want and what we know how to deal with. At first sight, this 
seems to signal that our attempt at quantising the electromagnetic fields 
in Lorentz gauge failed, and that we arrived at a Hamiltonian describing 
an energy spectrum that is not bounded from below, despite the normal 
ordering. The reason for this, of course, can be traced back to the use of the 
metric tensor in the quantisation conditions, which enforces a state with a 
“wrong” sign. However, careful inspection below will reveals that this is not 
a real problem and that the corresponding states are unphysical, motivating 
us to call them “ghosts”. 


Physical States So, let us now take a closer look at some of the states 
and their energies. Start with the by now familiar assertion that the vacuum 
reduces to zero when the one of the annihilation operators is applied, 


ay(k)|0) 2 0 VA. (278) 
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Now, let us analyse one of the more tricky states: a scalar photon, modulated 
by some well-behaved function f(k), 


3 
ns) =f Sage OAW (279) 


As already anticipated, the norm of this states is negative, 


3 31/4 
usi) = f ce f cass rtr ENa, oft. 00) 


d?k 
- (010) f Sa? <0. (280) 
The minus sign of course stems from the relative sign in the metric, or, 
when followed through, from the “-”-sign in front of the right-hand side 
of the commutator in Eq. (276). Phrased differently, the combinations of 
positive and negative energy solutions that are still allowed destroys the 
positive definiteness of the norm. 

So let us impose the gauge constraint ô- Â, |) = 0. Evaluating ð - Â, we 
of course only take into account the positive energy solutions and arrive at 


" d?k 
. "EN. "ey ^ —ik-x 
BAL T GNE 3 [x eO (k)ày(k) e (281) 


We can simplify this further by realising that for A = (1, 2} the polarisations 
are orthogonal to the momentum, e L k and therefore k -e€ = 0. This leaves 
us with two surviving polarisations, scalar (À = 0) and longitudinal (A = 3). 
Our constraint on physical states |) therefore becomes 


0 —8-À, |) 


cem i} an [k - €() (ke) ao (k) —k-€P)(k)ag(k)| e "**. — (282) 


For massless four-momenta — k? = 0 — longitudinal momentum and energy 
coincide, kj = k = ko and therefore k - «0 = —k- e). This implies that the 
gauge constraint can be satisfied if 


lau) -atl lo) =0 (283) 


for all physical states |Y) 
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6.4 Problems & Solutions 


1. Polarisation vectors in Coulomb gauge 
Assume a momentum parallel k to the z-axis and introduce left- and 
right-circular polarisations «)()(k) = 1///2(0, 1, +i, 0). Show by 
explicit calculation that for the spatial components of the polarisation 
vectors 


PARTS kjki 
$5 4" (959 () = & - 75 
A=1,2 ~ 


Solution 


In Coulomb gauge we assume the two polarisation vectors to be trans- 
verse to the axis of motion, and that for linear polarisations they are 
real-valued, «* = e, which of course is not true for the circular polari- 
sations. For k parallel to the z-axis we have 


0 0 
apy — | } 2p) | 9 
Ow | a | and &0- | 1 
0 0 
We need the product 
2 
A A Oi; if ij€1L2 kik; 
25 exa - | T > i Js=- A 
Ad ; 2i 


Choosing instead circular polarisations yields the following products, 


piety cH Ut ud 
= (A) raus) i=j=2: ur ELE 
SE (k)e; ^" (k) = 1-i+1- (~i) 
ASI i-1j-2: "T Ti 


This is the same result as before - the sum over polarisations therefore 
is independent of your choice of basis (linear vs. circular, as in this 
example). 


16To see the first equation set, i = j = 1. Then the only relevant entry is the z- 
component of the A = 1 polarisation vector (—1), squaring it yields a 1. Similarly, for 
i = j = 2 the only contributor is the y-component of the A = 2 polarisation vector. If i 
and j are any different combination, one or both entries will be zero, for each A. 
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Expert level: To write this in more convenient form, introduce a time- 
like unit-length four-vector 7 (for simplicity we can assume 7 = (1,0,0,0)), 


and 
jo E-wm ; 1 Ce) 
(k-n) — k? k| N k 


Thus, for our choice of 7, k just becomes the direction of the three- 
momentum of k, with no temporal component. 


Expressed through these vectors, 


= el) (ke (k) = Quy + uty — kukv . 
d=1 


. Equal-time commutators of E and 5 


Compute the equal-time commutators 

(a) E Us t), E;(y, t)], 

(b) [ES CE, t), B;(y, Dh and 

(c) [Bi(z, t), B; (y, t)] 
using both of the equal-time commutators 

[Ai (£, t), E;(y, t) = —ió50? (x = y) 
and 
[A;(z, t), Ej(y, t)] = id} (x — y) 

and show with explicit calculation that the modification does not affect 
the physically observable fields. 
Solution 


(a) The commutator of the electric fields is trivial; because Ê; = —7;, 


iss t), Ej 0] = [ie 0. ii, 0] =0 


according to the quantisation condition. 


(b) Let us turn now to the commutator of an electric and a magnetic 
field, and denote derivatives w.r.t. the y coordinates as QU), V), 
etc.. Inserting B — V x A, we find for the "reg." case 


£s, 6). By, ] =- [mle 2. (V x As, d 


B sex ae t), Ai(y, 2] = iin ej OU 03 (x — y) 
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while for the “trans.” case 
|a. t). £i, D| = — [8G t), (V) x AG, 0); 


= E h ae t), Ar(y, 2] = iej oy”? (z — y) 


à d?k kiki iklz— 
ü iem J (27)? (a ke Jope : 
d?k kikikk N ika 
-eu f (27) c 0g ) et P 


d?k tk(a— 
7 «n | aste S 


identical to the “reg.” case, as advertised. In going from the 
second-to-last to the last line we have used that the product of 
a symmetric combination (kjk,) with the anti-symmetric Levi- 
Civita tensor (the €;,;) vanishes. 


(c) Let us finally calculate the commutator of the magnetic fields. 


Bile, t); Bj. 6) 


ae (wo x Á(z, t))i(V™ x Ay, 2) 


= EiklEimn Oe” OW) Ene t), As (y, ? =0 


because of the quantisation condition on the components of the 
vector potential. 


3. Momentum Operator pH 
The four-momentum operator is given by 


peso 
where 
" E ee a oe Len 
H = =5 d°x lata, VA" VÀ,| 
= i dx [a,Â"o'Â,] 


are the Hamilton and ith component of the three-momentum operator, 
respectively. 


Êi 
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To show that this represents indeed the right structure, show that 
[P#, A"] = —io" A" . 


Hint: You may want to use the Lorentz gauge with a = 1 
(the Feynman gauge) to keep your calculation simple. 


Solution 


fe -5 T d) [ati + VÀ VÀ, 


= / da [8 APO À, 


Let us start with the commutator of the Hamiltonian and the vector 
potential, 


P 


HAN = -5 f v [ieu + SA" OSA Q2. A) 
-5 f 8v (eto fiuo), Po] + [e^ "(| s, 0) 


; / d^yó(z — y) (8^ (y)gr, + g” t, (y)) = if" (x) = —i0? À" (a), 


and turn now to the ith component of the momentum operator. To 
use this let us remind ourselves that 


T” = FH? — og (9. A) = 0^ A9 — 0 A" — ag" (9 . A) 


This suggests that, in the commutator, we can replace 09A" with —7", 
and we find 


PA =- f y [AW A.) AO) 
= + fever. Pa] orco 


~ig” [ ye- Ay) — —ið A" (x) 


Putting it all together proves that 
[P^, A] = —iO^ A" . 
and that therefore P" indeed is the momentum operator. 


. "Casimir Effect 

Consider the quantization of the electromagentic field in space between 
two parallel large square plates of size L located at z = 0 and z =a. 
'The plates are perfect conductors. 
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(a) Find a general solution for the vector potential inside the capac- 
itor made by the two plates, ignore the effect of the limited size 
L. 


Quantise the electromagentic field. 


z 


Find the Hamiltonian and show that the vacuum energy is given 
by 


“= 
e 
— 


p? d?k Xu M nm \ 2 "T r 


(d) Define the quantity 


the energy difference per unit area in the presence and absence of 
the plates. This quantity is divergent and needs to be regularised; 
we achieve this by introducing a function f(k), for example 


f(k) = O(A — k) 
with a cut-off parameter A for the high-momentum modes of the 


field. Calculate the attractive force between the plates. 


Hint: You may want to use the Coulomb gauge. 


Solution 


(a) Let us decompose the spatial components of the vector potential 
into a part A, perpendicular to the plates (i.e. along the z-axis), 
and a parallel part A). In Coulomb gauge, A? = 0 and V - A, the 
electrical field is given by 


Since the plates are ideal conductors, the parallel component of 
the electric field and the normal component of the magnetic fields 
vanish on the plates, 


I 

| 

| 
o 


Ei 


z=0,a 


B; 


z=0,a 


Keeping in mind that the vector potential satisfies the wave equa- 
tion 


(0? -V?) A=0, 
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we assume a solution factorising into the form 


A= F(t, x, y) [Z1(z)e1 + Zo(z)eo + Za(z)ea] 


with unit polarisation vectors €12,3; where €1,2 live in the zy- 
plane and e4 = (0, 0, 1). pointing into the z, y, and z-direction. 
We therefore arrive at 
0 = (07 — V?) {F(t, x, y) LZ (2)e1 + Za(2)ea + Za(z)es]) 
= [A(3)&- Z2(2)ez + Zs(z)es] (8? — 02 — OF) F(t, a, y) 
+02 [Zi(z)ex + Za(z)ea + Za(z)es] F(t, v, y) 


A typical solution for this equation demands that the derivatives 
lead to a constant, let's call it k2, times the functions, i.e. 


k3Zi(z) = O2Zi(2) 
k2F(t,2,y) = (Ə? cues 07) F(t, x, y). 


A solution for the Z; is given by 
Zi = aj sin(k3z) + b; cos(kaz) 


and the boundary conditions demand that b; = b = 0 and k3 = 
nrj/a with n € (0, 1, 2,...}. For the function F we make the 
ansatz 

F = exp [—iwt + ikıx + ikzy] 


C= a= ei +k? + (Ay 


The Coulomb gauge condition demands that 


with 


nT 
iaikı + iagko — — b3 = 0, 
a 
and we see that for n Æ 0 we can choose two independent a; and 
ag, translating into two independent polarsiation in the xy-plane, 
while for n = 0 we only have a mode along the z axis. This means 
we have particular solutions of the form 


. TZ nrz 
A= F |e sin —— + b3€, cos —— 
Il ü 3 ü 


and the general solution reads 
oo d2 k 2 
A= —— s 
4 7 Mf eco Ll 
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(b) 


ay(ky ko n)e entre okay 
, , 


A . NTZ A NTZ 
x G k, n) sin S e )(k, n) cos T) 


al (kı, ko, nef nt-ikia—ikay 
i "E di nme 
x e (k, n) sin q t8 (k, n) cos : ) 


2 
«f Br las ko, Oe we nttikietikey 


RE al (Ki, ko, prse) E 


Quantization now proceeds similar to the case of the photon 
field in the absence of the plates. We promote the amplitude 
factors ay(k 1, ko, n) and their complex conjugates to operators 
Gx(ki, ko, n) their Hermitian conjugates and demand that the 
operators have suitable commutator relations. In the case of the 
setup at hand, all commutators vanish, apart from 


[NC k2, n), ay (Kj, k5, n')| 
= (27)? Qu, nd(K1 — ki )ó(ko — ky) Onn xv 


It is worth noting that while the form is different from, e.g., 
Eq. (260), 


la(k, X), at(q, )] = (27)?2ko 8° (k — q) bax, 


and this difference stems from the fact that the momentum in 
z-direction only takes discrete values, encoded in the n and n’. 


As before the (not! normal-ordered, therefore a factor of 1/2 
in front) Hamiltonian is given by a sum over all modes, and we 
arrive at 


dk dle) 3 . 
- 1S / es 2m)? 2k, n "MEC CEON 
+ ay(k, ka, nal (k, ko, n) 


dkidko [4 i 
+ | omnes Ec k2, 0)àa(k, k2, 0) 


+ áüs(K, ko, 0)àl (k, ka, o) } 
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For the calculation of the ground-state energy we realise that à |0) 
vanishes and that we use the commutator for terms like (0| àà! |0). 
We arrive at 


2 
1 
dky dk; f T 
«f (20)22u5, 9 °° us ko, 0)a3(k, k2, 9) i 0) 
1 oo 
S I d?kó?(0) DX + Uto 


2 
[E T ehn D nas, nd) 
This leaves us with a first task to evaluate 67(0). Remember- 
ing that this comes from the integration over the xy-plane (and 


= (0| H |0) 
A-1 
ignoring boundary effects) we have 


dk dko i 3 
E D a 2T y2ux, ^ "3 jaw ko, n), à (k, k2, n) 
dkidk 
| f ( = wi, o(2n)?2u, o8? (0) Y} o) 
67(0) = f dedy rry 


d= 
277)? Qu, 0 
(21)? 


k-0 (27)? 


the volume of the plane, normalised by factors of 27. Therefore 
the energy is given by 


=a ep [2 aea (my. eie 


'To calculate the difference in energy to the system without the 
plates we have to take the continuum limit of the summation 
over the discrete modes in the expression for the ground state, 
and ignore the “0” mode. For the ground state energy of the 
system in the volume V = L?a, but without the plates, we thus 


have 
La d?k 2 2 2 
Eg = EA VE ET T k5 m 
d?k f NT 
| 72 2 2 ght 
ee [ep [m meme ) 
0 


where we used that k3 = na/a with n now taking continuously. 


E 
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The normalised difference reads 


E-— EH 
Ac = 9 


I? 
dk |1 = nn? 
: p EL TE Yee (28) 
n=1 
2 2 NT 
- f anfia +r + (=) 
0 
2 oo oo oo 
= zs] o svi Yo Vun- f ane? 
0 ust 0 


after substituting u = a(k? -- k2)/1?. Including the regularisation 
function f(k) we have 


a ae] ee Cem C) 


4a? 
0 


jue 


n? €: T 
- 15 SFO) «Y Fin) -2 f Fx , 
= 0 


where we have introduced 
F(n) = fiuc e3 : 
0 


To evaluate this we use the somewhat obscure Euler-McLaurin 
formula and by realising that F (n) and all of its derivative F® (n) 
vanish for n — oo, we arrive at 


T? = 
Ae = 5 ;F() » [eene]! 


k=1 
T2 
5 T [-5F0) + BFO) Pro eSa pmo) + ] 
m? 
= -x pro Fro]. 


where we have used that Bı = 1/2 and that all other odd Bernoulli 
numbers are zero. À quick calculation reveals that 
dF(n) —dn? 


F' = 
(0) dn 429 dn 


n=0 
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d? F(n) 


F" 0 


= —4 


n=0 


and with B5 = 1/6 and B4 = —1/30 we arrive at 


n? 4 v? 
Ae & = 
4a? \ 30 * 4! 720a? 
'The vacuum energy of the lectromagnetic field between the two 
conducting plates therefore produces a weak force f, 


Oe T? 


f= ða . 240a4' 


which for a = lum and L = 1 cm is approximately f ~ 1078N. 


'This is the Casimir effect, measured for the first time in 1958. 
17 


'7Tt states that the difference of a sum and an integral of the same function can be 
expressed by the Bernoulli numbers 5; and (multiple) derivatives of the function as 


n k=1 


3550) - f defia) = Too Be [Sm - 709]. 
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7 Time-Ordered Products 


Until now we have quantised various free elementary fields: real and complex 
scalars, Dirac-spinors, and the vector fields of electrodynamics. The result- 
ing structure in each case can be condensed into a sequence of algorithmic 
steps, which, starting from a Lagrange density, resulted in the expansion 
of field operators as products of plane waves and creation and annihilation 
operators, and we succeeded in expressing “static” global quantities such as 
the Hamilton or charge operators through the latter. 

This implies an underlying causal structure if the theory: in non-relativistic 
field theories, which we do not discuss here, evolution is forward in time, 
and for the analysis of causality it is usually sufficient to concentrate on 
the positive-energy solutions only. This changes in relativistic field the- 
ories, where both forward and backward evolution, and therefore positive 
and negative energy solutions, are included. It is important to realise the 
interplay with causality requirements of the theory - the simplest one is that 
the commutator of two fields must vanish for space-like distances. It turns 
out that in non-relativistic theory this cannot be achieved, which actually 
should not come as a surprise. If you do not embed relativity in your formal- 
ism you cannot expect to obtain relativisticly sensible results from it. In the 
relativistic field theories we have discussed here, the positive and negative 
energy solutions could be arranged such that the commutator of two fields 
vanishes outside the light-cone, i.e. for space-like distances, but remains 
finite inside the light-cone. 

In this chapter we will build further on the logic and discussion started in 
Sec. 4.3, and we will analyse the propagation of particles. This first step 
towards a dynamic picture of quantised field theories is deeply connected 
to the notion of Green's functions, which will return to us in this chapter, 
and called propagators. They will fortify the notion of the negative-energy 
solutions as anti-particles, which travel backwards in time, with opposite 
charge. We will also see how the wrong commutator (or anti-commutator) 
for a given statistics (Bose-Einstein vs. Fermi-Dirac) destroys the causality 
structure of the theory. 

In this chapter of the lecture notes I have amalgamated time-ordered prod- 
ucts for the three Quantum Field Theories we discussed so far — for some 
additional reading, I'd like to refer you to Sections 3.5, 4.3, and Chapter 5 
of Hatfield's book [3], or maybe take a look at Sections 2.4, 3.5, and possibly 
4.8 of Peskin & Schroeder |1]. 
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7.1 Greens Functions: Non-Relativistic Quantum Mechanics 


What is the Green's Function? Consider the time-dependent Schrodinger 
equation for a point particle, 


(2-2) we = (Z«X.-v)wen - o. ery 


It is formally solved through the introduction of Green's function, G(t, x; t', x’): 
Pea) = Ge) = fx eee t ww, (288) 


The interpretation is clear: the wave function w(t, x) at time t and position 
x in position space is constructed as the superposition of all wave functions 
at all positions z’ at an earlier time t’, and the Green's function parame- 
terises the “strength” of the connection. Because it this has been couched in 
the framework of non-relativistic Quantum Mechanics the maximal velocity 
of causation (speed of light in relativistic physics) is infinite, and the connec- 
tion is instantaneous. The Green’s function G is also called the (retarded) 
propagator. 


Construction of the Green’s Function The interpretation of the Green’s 
function above suggests that it is the solution of 18 


(5 5 it) G(t, z; t, a") = 6¢-1)P(@—--2’), (286) 


with the boundary condition that it vanishes for t > t. This allows to 
rewrite it as 


G(t, z; t, 2’) = K(t, m t, x')O(t- t’), (287) 
where K(t, x; t’, x’) is the transition amplitude 
(a, tla’, t) = (2| UG, t) |z’) (288) 
and 


Ü(t,t) = exp |-i i dr Ê(7)| — exp | ilt " (289) 


is the unitary time-evolution operator, well-known from Quantum Mechan- 
ics, which reduces to the second expression if H does not explicitly depend 
on time. 


18You may be reminded of the definition of Green's function in (classical) electrodynam- 
ics; in fact for each differential operator O the corresponding Green's function is defined 
as solution of OG — 6, with a product of ó-functions of pairs of arguments. 
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Free-Particle Propagator: Direct Solution in Momentum Space 
As a simple example consider a free point particle in Quantum Mechanics. 
Its propagator (Green's function) Go is a solution to 


a. 
(5 - 5) Got; z; t, x’) = 
ið V? ae Ny 53 / 


A simple way to solve this equation is by Fourier-transforming on, resulting 
in 


2 
(e — E) Go(w, p) = 1 (291) 


and therefore 


(292) 


Position Space The back-transformation into position space is formally 
achieved by 


ra d?p dw explip: (x — 2^) — iw(t — t')] 
Go(t, z; t, x') = fos = PUR EROS l (293) 


This however does come with two interesting problems: 


1. the integral obviously diverges for w = p /2m, and 


2. the propagator Go does not satisfy the (causal) boundary condition, 
i.e. it does not vanish for t > t. 


'There is a way, however, to solve simultaneously both problems. And this 
is how it works, we deform the energy integration by shifting the pole on 
w = p?/2m by a minimal amount of —ie+ into the imaginary plane — here 
and in the following, €* represents an infinitesimal positive number. This 
yields the retarded Greens function 


3 ; / : / 
(R) NU E d?p dw explip: (x — 2’) — iw(t — t')] 
Go (t, T; t , d) = 1 (21)? on fa — p?/(2m) 7 ict (294) 
Cauchy's theorem asserts that the energy integral yields 
dw exp[—iw(t — t’)| ; ip!(t — t!) 
— — — E ÓE 2 
i Qn w — p?/(2m) — iet O(t — t) exp am (295) 
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Therefore the overall result is given by 


(2)? 2m 
E I a O(t — t") exp | um 5 + ip; (x; 2 
— e(t — t) M/Z d en ( l nm = 


i=1 2n i -t 2(t = t) 
3 
= O(t 2n (t = oo x t) 2 e «| 
im(z — 2")? 
SN 2n(t — t m PE | 2(t — t!) | (296) 


We have made use of the fact that we can write this integral as a product 
of three integrals, one for each spatial component of p, then completed the 
squares in each component of p, rendering this a product of three Gaussian 
integrals. 


Propagator from Position Space Transition Amplitude An alter- 
native way to arrive at the same result rests on the identification of the 
propagator with the transition amplitude times the boundary condition, 
Eq. (287). Using the free particle Hamiltonian in Eq. (288) we have 


exp iv : 2! exp -Ze — Z exp E an ) 
j exp li . 2! exp ES — Z exp E an 


3 i 2 
= le vo £ (t t’) | 9-2) : (297) 


IS 
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In going from the first to the second line we have use the fact that momentum 
and position space kets are connected through a Fourier transform, 


3 F 
a) = [aep (298) 


and in going to the third line we have replaced the operator p? with the 
eigenvalues p corresponding to its eigenkets Ip). Of course, they form an 
ortho-normal base, such that their scalar product is a 6 function, 


(p| p) = (27)? (p — p) J (299) 


Including the O-function which connects the transition amplitude with the 
restarted propagator, this is exactly the same result we already obtained 
with the more direct method in momentum space. 


7.2 Propagators in Quantum Field Theory: Scalar Fields 


Scalar Theories The Green's function for the Klein-Gordon equation, 
i.e. the propagator of the free scalar field is defined by 


(0+ m?) Go(z, z') = ió*(zx — a). (300) 


Fourier transformation results in 


—i 


(—p? +m) Go(p) = i — ^ |Go(p) = (301) 


p — m? 


As before, the Green’s function exhibits a pole when the energy-momentum 
relation is satisfied, that is, when the particle goes “on its mass-shell” or 
“on-shell”, and as before this is repaired by shifting the pole in the complex 
plane by an infinitesimally small amount of iet away from the real axis. 


Time-Ordered Products and Green's Functions In what follows we 
will show that the Green's function is also given by the vacuum expectation 
value of a time-ordered product, 


Go(z, a^) = (0| Td(x)d(z') |0) 
= e(t — t) (0| d(x) d(2') ) + e(t — t) (014(2^)ó(2) 0) . 


(302) 
When expanding these products in terms of the creation and annihilation 
operators, it is worth noting that @|0) = (0|à! = 0 and that we therefore 
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can replace products Ga! with the commutators of the two operators, when 
they are sandwiched between vacuum states. This leads to 


Go(#, 2") = (0| T4(x)d(a’) |0) 


d?k dig TE 
= / —ik-z-Fik'-x ^ at (pf 
t-o) | Some ont (0l à)! (^ 10) 


/ dk e -Fik-z —ik! a aL at 
t e(t - 9 | ema OH (0| à(& )à' (k) |0) 


3 34 : NE 
= ay nj TR pa (ol jiw, at (e) |0) 


3 3g 
TES of ae ae (ol [a^ at] i0; 


d?k ay ee ik- (x—x' 


= e(t - t) AL (x — x') + Of - t) A (x — v). (303) 


'The similarity with the vacuum expectation value is striking — it is given by 
d?k ; ; ; , 
A(z — = | —ik(x—z') ,jTik(x—c ) 
(ru) n (213)2kg í £ 
= A(x — x')— A(z- r’), (304) 


cf. Eq. (163), where in both cases the sign indicates whether the energies, 
i.e. the kg come with the correct or wrong sign for a wave the evolves 
in positive or negative time direction. This means that the propagator is 
composed of two components: a +-component of forward propagation, and 
a — component of backward propagation of a particle with four-momentum 


k. 


ie*-Prescription To finish the discussion of how to arrive at the correct 
Green's function, let us remember the property 
dw —ie™* 


O(t) = li — ] 
(t) farre 27 w — ie 


(305) 


We plug this into the result for the time-ordered product above and close the 
contour integral above or below the real kg-axis for t — t > 0 and t — t < 0. 
We also introduce a “dummy” energy wy = y k? + m? which we will identify 
with the ^proper" kg at some convenient point of the calculation. With all 
these steps we arrive at 


dud? Kk —1 ; Y L4 1 
EROS io ko) (tt!) +ék(e—2") 
Gs um 2m. / (2Q7r)42ko w + ie [e 


i(w—ko)(t—t’)—ik(x—2") 


+e 
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= lim 
e>07 


" duyd?k —ie $79) 1 | 1 
F (27)4 2ko ko — wj — ie | 
i | du,d?k —ie-i* (2) 
= im 
c0 (22) ke — w2 + ie 
dkod?k = —ie~#*(-2') 
= lim 4 72 2 
«0+ (207)! kg — (k? m?) + ie 


l dtk —ik-(x—z') —i 
— € fI X21 eA 
(21)4 k? — m? + iet 


=f ee ath = EE en) 


ko + wr — ie 


This is obviously the Fourier transform of our propagator from Eq. (301), 
and it confirms that indeed propagators are time-ordered products. It is 
also called the Feynman propagator of the theory. 


7.3 Fermion Propagator 


Direct Solution As before for the Klein-Gordon equation, the propagator 
for the free Dirac field is defined by 


(ig — m) Golar) = ió*(x — a"), (307) 
or, in momentum space, 


B s EID (308) 


(—m)Go(p =i — SOON em DEAD 


In the last step we have used that pp = p?. There are a couple of things 
worth noting of this propagator. As before, it exhibits a pole for on-shell 
particles, where p? — m?, and, as before, we will cure this by shifting the 
pole in the complex plane by iet. This is in complete analogy to the case 
of scalar particles. In addition we realise that the numerator, (f + m), 
represents a matrix in Dirac space. This is not a surprise, as the propagator 
connects two Dirac spinors and their components. What is structurally more 
interesting is that this matrix is the completeness relation for the u-spinors 
from Eq. (215), and we will see the emergence of analogous terms later 
when we discuss the propagator of the photon field. However, to build more 
confidence into our interpretation of the propagator we will now check if we 
can recover it as a time-ordered product of two spinor fields. 


Time-Ordered Product The starting point to building a time-ordered 
product for fermions is to construct the transition amplitude for a positive- 
energy fermion to move from zx to y, naively 


QC WMIFO(@)) = (0| buit) 10) . (309) 
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But we must also include the opposite case of a negative-energy fermion to 
go from y to x, taking into account Fermi statistics. Making time-ordering 
explicit through O-functions we therefore arrive at 


iSp(y, £)? = (Ol b(y)P"(a) |0) O(yo — xo) — (0| b'(x)b(y) |0) (xo — yo) , 
(310) 


or, in a more compact form 


iSp(y, £) = (0| Té (y)ó() 0) . (311) 


Since i) and v/ are spinors, Sp is a matrix in spinor space, as already antici- 
pated. Let us now include the expansion of the fermion fields in place waves 
and creation and annihilation operators. Making spinor indices explicit, us- 
ing the fact that 6|0) = d|0) = 0 and 0b! = (0| dt, and taking into account 
that [b, d] = [b', dt] = 0, which makes their products vanish, we arrive at 


iSp(y, 2)ga = (0|Tr3(y)Wa(x) |0) 
2 


gee 1 dk dq Y 
(27)?2ko (2m)52qq 4 


j=l 


eeu eb (ie! (au Ka (q q)O(vo = zo) 


— etu-ined, (gd (kju (vf? (go — vo)! o) 


2 


d —ik-(y—2), 0) (pn) 
= (0|) asa, 2o [oO Pup day (8 uo — 20) 
i, j=1 
= gto (k)o (k)O (xo — v) o) 


= (0 l 27 asa, jeer) + m)8a O(yo — vo) 


— etik- (u=) E — m)ga (zo — vo)! ) (312) 


Repeating the same steps of replacing the O functions with integrals, suit- 
ably closing the contours and keeping track of the relative signs in the re- 
placement of the “dummy” energy with the real energy, we arrive at 


i E d^k —ik(y-z) |; K--m 
iSe(u aoa = [ asse lum. oe) 
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the Fourier transform of Eq. (311), modified by the now familiar ie prescrip- 
tion. 


7.4 Photon Propagator 


Feynman (Lorentz) gauge As before, the E.o.M. for the field will pro- 
vide the kernel for the Green’s function. In the case of the free electromag- 
netic field we have to realise that 


e the propagator will have two Lorentz indices, to become a matrix in 
Minkowski space. This is necessary, because it connects two photon 
fields and their components, which are labelled by Lorentz indices. 


e we need to cast the homogeneous (j = 0 )Maxwell's equations for the 
vector potential from Eq. (265) into a suitable form such that it has 
two Lorentz indices that can be contracted with the two indices from 
the propagator. 


We therefore arrive at 


[9^0,g,, — (1 — a)8,8,] Go’ (a, x’) = id* (a — x’) gf : (314) 
and Fourier transformation results in 
[P gw — (1 — e)pup,] G (p) = —ig?, (315) 
Or 
1— o)pup igh, 
ou- HEPR] apr) = -H (316) 


To arrive at a solution we realise that there are only two possible tensors 
without any mass dimension and two Lorentz indices and make the ansatz 


g"^ — FT. 
Go (P) = me : (317) 
We solve this by realising that this implies that 
1 — a) pup pp’ 
p- =A) ya PP) w 


and therefore & = (1 —a)/a. Therefore the photon propagator, including 
the ie™ term reads 


git! — l—a k"k" 


V e 2 
D” (k) = —i gi ! (319) 


which in Feynman gauge reduces to the simpler form 


pis ec 2 
€ = ge o 
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Time-Ordered Product To arrive at the same expression using time- 
ordered products we employ the Feynman gauge from the beginning, where 
the completeness relation for the polarisation vectors is given by 


3 
Y 40e) = su (321) 
A=0 


Using the by now usual @|0) = 0 relation allows to simplify the time-ordered 
product and the propagator reads 


Do y) = —i (0| TA, (x) AL(y) |0) 
of dk d4 
H J (292g (21)*2q0 


3 
Y= (o|[e(zo = yo)e Ht ay (af (adel Ge (a) 


A,K=0 
+ O(yo — aoe" à, (g)à) ()e, (Rel (g) | 0) 
: dk 2 —ik.(x— * 
im if GrZ 2 (0 | [267 — yo)e E=) EY (ke (k) 
A-0 


+ (yo — z)e** 6-9 e(9 («9 qe) |o) 
NER dk —ik-(a—y) +ik-(2—y) 
= — uy h (Gr 22ko en — yo)e + O(yo — xo)e | 
— igu [G(xo — vo) A. (x — y) + 9(yo — zxo)A- (x — y)] 


dék e ic (v) 
— iguv —. 322 
me oes k2 + iet (22 


This is, of course, the Fourier transform of the propagator of Eq. (320) 
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7.5 Problems & Solutions 


1. Green’s function for a free particle in Quantum Mechanics 
Consider, once again, the free Hamiltonian, Hp = p /(2m) with eigen- 
states labelled by their momentum, |p}. 


(a) give the (time-dependent) Schrödinger picture wave functions of 
the eigenstates in position space, 


V»(z, t) = (x|p) 


(Hint: don’t forget the time dependence!) 


(b) show that the Green’s function is given by 


1 / / d? * / / 
Gla tia f) e e(t) | ts tle Dug’ t) 


(c) show, by Fourier transformation from times t to energies w, that 
for time-independent Hamiltonians the Green's function can be 
expressed by the energy eigenstates Ep as 


f de sat) <> V Gs (a?) 
MP P Mw jiw(t—-t’) 5 n 
Ga, tat) n a w — En — iet 


when discrete energy eigenstates are assumed. 


d) (this is “expert level”) using principal value decomposition 
( p g princip p 


lim - 
e+30 £ — tet 


MERE 
= P + inó(x) 


show that the density of states p(w) is given by the imaginary 
part of the retarded Green's function 


Solution 


(a) To construct the wave function add the time evolution to a set 
of momentum-space basis kets |p) = |p(t = 0)) and insert a 1 in 
the form of 1 = f d?p|p) (p| 


s d?p' / P , p 

i Jil v) (e exp |-i5—t| | p(0) 
dp a i E E : 

7 Jap Pem) (25588 (y! — p) = ere em) 


(b) Inserting the wave-functions above, 


3 
G(z, t; x’, t) 2 e(t - t) / ds Va, t)y*(z’, t) 


3 "E 
= et-0 [ 55, gie (2) - ip? (t-t )/(2m) 


exactly the form found in the lecture. 


(c) For discrete energy eigenstates, the wave functions can be labelled 
as W(x, t), and the integral over momentum eigenstates collapses 
to a sum over energy eigenstates — in the end this is only a change 
of basis from one orthonormal set to another. In this case, 


G(z, t,2', t) 2 e(t P) V vs (o, Ova (a^, t^) 


En 


For time-independent Hamiltonians, the time-dependence of the 
basis kets factorises such that 


Vw (a, t) = e Pt n(x) 
and therefore 
O(t — tis (z, tk (a^, t) = Olt — t)e P (us (a^) 


Simple Fourier transform with respect to the time-difference, and 
using the trick from the lecture results in 


Too d 
" MEE 1 
O(t — t iw(t-t),-iES(t-t) = : 
| On ( Je e w — En — ict 
—oo 


This allows us to recover the expression quoted above. 


(d) Assuming an isolated system where the Hamiltonian is time- 
independent the retarded Green function is obtained from Fourier 
transforming with respect to time, assuming the correct (i.e., re- 
tarded) time ordering: 


oo 


Get) (x, t; x, t) = f LPEN (x, x, w), 
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where (a) (a?) 
(ret) n n 
Ge) (x, a’, w) = Sono B 


En — tet 


Using the prinicpal value deserun above, we see that 


(ret) / — vs (a^) 
Re |G (z, 2’, w)| XE "- ae ) 
Im [ae (a. i" w)| = 1 yale) (£)n(x')6(w — En) 
As a consequence the (discrete) density of states p(w) is given by 


u) YO Alw - En) = zIm f d'actes, z, v) 


. Feynman propagator for the Dirac Field 

Use the completeness relations for the u and v spinors, the integral rep- 
resentation of the O-function and suitable substitutions for the energy 
integral to show that indeed 


díp _, ptm 
=i —ip-(y—2) 
Sr(y, L) Ba if Gare PES 


Solution 
In the following we will use 50) = d|o) = 0 = (0|bt = (O|dt and the 
completeness relations $` u(p)u(p) = (p+m) and M; v(p)u(p) = (p-m) 


iSr(y, x)ga = (OJT [va(y)ua(x)] 10) 
(0| (y)u (z)]0) (yo — xo) — (Op (2)u()]0)O (xo — vo) 
T d? d?q 
(21)?2po (21)?2qo 


» e| 


y fe? sb; (pu? (p) + eP Vd! (po (»)| 


i,j—1 


T CADIT G (a jd eg (q)o OQ) 


i el Gn Gs 
2 
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ü (of am am 


2 
Y. jeter) uf way? EL - zo) 


i, j=1 
B Pura) d(q)d! pu (pyo? (q)8(zo — w) | 0) 


(0 / Gym Gy 


2 


3» [cm Toi). 81) J ul (uf? (a) (uo — 20) 


i, j=1 


- eos-e2 (d;a), dp) } of (PaP (a)8 (2o — w) | 0) 


d?p d?q 3:3 
/ (21)32po (21)32qo Began oes 


(o 
2 . E B 
Y. eterna oni? et - a9 


B eee PaO - o) |o) 
(ol f SE emm ae maa Ol — 20) 


—eiP (v2) (y — m), O (xo — yo)! | 0) 


Using the representation of the O-function, 


dw eit 
OO oa 
2m w — tet 
substituting po = +( Ep — w) in the first and second term, respectively, 


and flipping the sign in the second term (in the third step below), 
yields 


3 f i 
J A [e 9979 (9 m)Ə(yo — ao) — e" 979 (p — m)O (z0 — yo) 


d?p dw e Er (yo 20) Fip(y 2) Fio (yo c0) 
lel ees 


dp dw eir (yo 20) —tp(y— 2) —tw(yo— 20) 
lomo | (w — tet) 


(poy? —p-y+m) 


(voy” - p. y — m) 


w=Ep—po 


w-— Ep po 


| dp | dpo € ipo(yo—zo)--ip(y—z) [2popo?? = 2E pp ey 2E,m] 


(20) (2E,) J 2m (Ey — po — te*)(Ep + po — iet) 
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dip e ipo (yo —xo)+ip(y—x) (f 4- m) dip e ir(v-2) (f 4 m) 
7 / (UR) E2 — p? — m? + iet = J (27) p? — m? + iet) 


In going from the secon to the third line we have put both terms onto 
one denominator, replaced the integral over w with an integral over 
po, and we shifted the sign of the spatial integration, going from —p 
to +p in the second term. In the second to last step we have first 
replaced pe = p? + m? and then identified Ej with po. Therefore, the 
propagator reads 


; d'p —áip:(y—x ptm 
Seu - 2) f se p(y joe E 


. Propagator in general Lorentz gauge Show that the photon prop- 
agator in general Lorentz gauge (arbitrary o) is given by 


1—o ku kv 
dk —ik(x-y) Juv T a ok 


OTADAN = [ e Me E 


Solution 
Let us start with the propagator in Coulomb gauge, 
iG, (x — y) = (IT(À, (7) AL (y)]|0) 


Plugging in the expansion of the A and realising that à(k, )|0) = 0 
this results in 


iG (€ — y) = (OJT JÂ, (2) A G)TIO) 
d?k d3q 2 
| exa / (27)? (240) 22 A)ev(q, K) 


x (o | [eaa — uen ate, xf (a n) 


+ O(yo — xo)e ^" *""à(a, Ka" (k, 4| | o) 


2 


dk dq 
B o aem 2 eu (k, A)ev(q, &) 


A, K=1 
x [—(27)353 (k — g)(2ko) dea] 


x (0 | (eis — yo)e FY + O(ys — ae rite | 0) 
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2 


d?k 
/ (2x)? (2kg) do elk, Aev(k, A) 


Aca 
x Ge — yoe*Y—® + O(yo — au) 


(2x)? k? + iet 


where we have used the polarisation sum in Coulomb gauge from the 
previous problem, and the usual trick of replacing the O functions with 
an integral. 


Obviously, the polarisation sum defines the numerator of the propa- 
gator, while the denominator stems from the integral representation 
of the © functions and the implied causality structure. Naively, we 
would like to directly use the polarisation sum for the electromagnetic 
field in Lorenz gauge, but this is not entirely straightforward due to 
the implied gauge constraint. In Coulomb gauge we could directly 
produce a set of polarisation vectors that satisfy this condition. Un- 
fortunately, this is not straightforward in Lorenz gauge, because the 
gauge condition 0,,A" = 0 does not allow the same simple identifica- 
tion of vanishing longitudinal polarisations. We will therefore have to 
resort to yet another trick. 


To see how this works, let us take a little detour. We have already 
produced propagators for scalar and Dirac fields, given by 


iD(x — y) = (0[T[ó(x), O(y)]]0) 
d e- iP (zy) ger ae 
= lowe — m? + iet = | ace TREO) 
iSp(x — y) = (0[T[U (a), v(y)]I0) 


dp _; jtm dp _; 
= —ip(z-y) | P ''"" —ip(z—y) 
/ (27)4° p? — m? + ict / (Qn)4" Sr(p) 


In both cases they can be obtained from the solution of the classical 
E.o.M.. For example, for a scalar field with Lagrangian 


1 
£ = 5 (0,9) (0^0) — md? 
we have the equation of motion 


ƏL ƏL EENE 


and, therefore, the Green’s function is defined by 


(3 0" + m?)G(z — y) = iô (x — y). 
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A solution is readily obtained by Fourier transforming and inverting 
this equation: 
—i 


zz api 216 (p) = i Slp) = ————À —— 
( PuP tm )G(p) 1 — G(p) p2 — m2 + ict 


where the et takes care of the causality structure of the theory. Equat- 
ing the propagator with the classical Green’s function yields the de- 
sired result from above. The same also works for the Dirac equation, 
where the Lagrangian 


L = vid -myy 
gives rise to the E.o.M. 


(id —m)p = 0, 
and, consequently, the Green’s function is defined by 
(id — m)G(x — y) = ió*(x — y). 
As before the solution is given by Fourier transforming and inverting, 


i p+m 


(f — m)G(p) =i =z Mola Eee | p)— m2? + det 


where we have used that (f — m)(f + m) = p? — m?. 


We are now in a position to apply this to the electromagnetic fields in 
Lorenz gauge, starting with the Lagrangian 


1 
E 
— 5 Os)" 4") + (8,4,) 9" AP) 


v Q 
£---F,F'"- 3 (9. 4^ 


V V Q V 
- (9, A,)(8" A") — (3r Au) (0 A”)] - 5 (8 A") (0, A”) 
Realising that these are just scalar products (all indices contracted) 


allows to “swap” the “names” of indices as long as the structure of the 
products is conserved. Therefore 


L = -5 (0, Av) (0^ A") — (0A) (0" 4)] — Ž (8, AH} 


'The equations of motion are given by 


oc ƏL 
0= D a AS DÀ; 


1 
= — 5% [Ipu Jor" A" + 95950, Av x ÜoudspO A” zi 9,950,A,] 
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—a0,g"" 0, A" 


= -—6,[0^A* — 8" A? + a0^8, AF] = —g,, 1A? — (1— o)8, (0, A?) 


and therefore 


[-955L1 = (1 — a)ðs 0p] GPF (a, ge —igló^ (a — gl) 


Fourier transforming the resulting definition of the Green's function 
results in | 

[Pgp — (1 — a)popp| G^" (p) = —ig? 
To invert the kernel (the object in the square brackets) , multiply it 
with a suitable ansatz and demand that the result equals 1. Realising 
that the only tensors with two indices p and u that can be constructed 
are the metric tensor g^" and p^p" /p? justifies to try 


gh? — Pe 
p? 

Therefore we solve the following equation for A 

Pph 

i g^" — ALE 

gt = [p^ gos — (1 — appe] ——— 


p? 
H 
T eE E Pe 
p 
which yields 
l-a+Aa=0 — jit 
a 


The Green’s function is therefore given by 


nv l-o . pp" 
grs E ^ 
2 


GY’ (p) = —i 
(p) : 


In Feynman gauge (a = 1) this conveniently reduces to 
—ig'" 
p ^ 


Gi" (p) = 


the result from the lecture. 


. *Propagator for the Schródinger field 
The Lagrangian for the non-relativistic spin-less Schrödinger field v is 
given by 


£ - i B ey - (vb) (V4) - Ve) 


In the following we will quantise this field and construct its propagator: 
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(a) derive the Euler-Lagrange equations of motion for v» and its con- 
jugate 4t; 
(b) find the canonical momenta 7 and a1; 


(c) promote the fields and momenta to operators and demand equal 
time commutation relations; 


(d) expand the fields in plane waves and creation and annihilation 
operators, taking into account that this is a non-relativistic field 
theory in which negative-energy solutions are absent; 


(e) calculate the commutators for the annihilation and creation op- 
erators; 


(f) express the Hamilton operator through the creation and annihi- 
lation operators; 


(g) calculate the free-field propagator 


Go(zo, £; yo, y) = —iO(zo — yo) (0| (xo, z)v (yo. y) |0) 


and show that it satisfies 
; 2 
(F +3) 6t 20.0 = sta. 


For this proof you will have to use that the 6-function can be 
represented by 


Solution 
(a) equations of motion: 


OL OL OL 


7 — Pu) * Vatvwt) ~ ovi 


à — 5 Vw - SO + VOY 


1 

2 
ia bev? vi) v 
OL OL OL 
^50) o. 09 


— teat loma iata t 
59v at vj! 4 5 Ow FV(r)v 


1 


= ia - zv? 4 vio] yi. 
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(b) 


(c) 


conjugate momenta: 


T= de = m 
Oy 2 
OL D 
P um EE ete 
5 apt 2 


we will demand that the non-vanishing commutator is 


[ýt 2), if (t, y)| =e- y) 
and all others vanish. 


expansion of the field operators in plane waves and annihilation 
and creation operators: 


A 3 Z 
Be) = [iam 


^ 3 B 


and we allow only positive energy solutions for the particle field 
(V), and for the expansion of the field v! we form the Hermitian 
conjugate of v. 

Note that we have not included the term 1/(2E) for the wave 
expansion — it emerged in relativistic field theory from integra- 
tion over the field's energy when using the ó-function encoding 
relativistic energy-momentum-relation. This term, obviously, is 
not present here, in the case of non-relativistic fields. 


commutators for à and ât. Assume we have 


a(k), à (g)| = AS*(k — a) 


and we have to fix the constant A: 


i&*(x — y) = [6 2), a(t, »)| 

i [ét a). HE, y)| 

SHE IE CE 
A f cae | opi e get 


dk , iA 
SA —ik(z—y) — 3 
iA | asy xy E 


zo—yo=t 


y) 
and therefore A = (2r)? and 


3 
lat, al(q)| = CPE- q) 
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(f) The Hamiltonian is given by 
H = aptatyt—c 
: 1 
= (v-t) fot Fw - Sut) Dv) - Votes 


5 (V4) - (V4) + Vindale, 


the sum of kinetic and potential energies, as expected. 


(g) To evaluate the free propagator we will use the non-relativistic 
energy-momentum relation Ej = kg = k?/(2m) and the fact that 
4 |0) = 0. This allows to calculate free propagator as 


Go(20, £; yo, y) = —iO(xo — yo) (0| (zo, x)" (yo, v) |0) 
die ane M 
= -—iO0(rg— ») | ra e t(kox0—do¥o) e i(K-z—iq-y) 
x (olajat 0) 


JE d?q e (Foxo—qoyo) e i(K-z—iq-y) 


I 
| 

>. 
D 
8 
oS 
e 
S 


—iO(x0 = w) f (21)? 


'To evaluate the last integral, it is useful to write the exponent in 
components; completing the squares reveals that this is nothing 
but a (shifted) Gaussian integral, 


d?k ik? (xg — : 
lam exp | = a w) + tk &-g) 
3 ik? (xg — 
= II / 2 on ie 2) t ik; (2x; Z 
i=l 
o f dh i(zo — yo) m(zj — yj) 
p HJ 2 ap | 2m (i To — Yo ) 
im(zj — yj) | 
2(ro — yo) 
3 
B m a "DR 
II 2ri(zo — yo) | zo — yo) | 


and therefore 


Go(xo, £; yo, y) = —iO(xo — yo) | 
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To show that this satisfies the definition of a Green's function we 
apply the differential kernel of the free E.o.M., and using V -z = 3 
we find: 


-Doa e) 


1 (3im  m?z? l m | 3/2 imax? 
— exp 
2m t t2 2mit 2t 


= so [2] exp E | | 


2rit 2t 


Using now the following property of th 6-function 


with 
a = —im/(2t) = m/(2it) 2$ oo 


due to the ó(t) we see that indeed 


i 2 
(5 i x.) Go(t, x; 0, 0) = o(t)89 (x). 
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8 Interacting Fields 


8.1 Perturbative Expansion: Born Series 


Green’s Function for Full Theory In the previous section we have 
analysed propagators, and identified them with the Green’s functions of free 
theories. We will now extend the treatment to also include potentials such 
that the Hamilton operator can be written as the sum of a free Hamilton 
operator plus some interactions, 


= +Ý, (323) 


in the simplest case a potential. Going back to Eq. (286), where we have 
defined the Green’s function this means that we now have 
(iar — H)G(t, x; t, x’) 
= (ia, Shoe i) G(t,z; t'a) = ôt- t) (m—a). (324) 
A formal solution can be obtained by starting with the Fourier transform of 
the free Green's function, signified with a symbol 
1 


(i — Ho) Go = 1 x dso (325) 


where we have for the moment suppressed the ie prescription. The Fourier 
transform of Eq. (324) can therefore be rewritten as 


(w-H)G = (z-9)e - 1. (326) 


'This can be formally solved, and 


1 1 2 
G Go 
or 
~ 1 
G= = (328) 
i.-y 
Go 


Born Series After Fourier back-transformation we arrive at the implicit 
equation 


G(t, T; t, a) xs Go(t, T; t; x’) 


" f drPéGo(t, z; 7, €) V(r, €)G(r, & t, a^), — (329) 


164 


which can now be expanded in powers of interactions with the potential. 
This is called the Born series or the perturbative expansion of the Green’s 
function. For it to converge we implicitly assume that interactions with the 
potential are sufficiently small. Replacing explicit time and space coordi- 
nates with four-positions t, £ — x;, the Born series therefore reads 


G(rzw;zo) = Go(xn; xo) 
+ f aoe: 23) V (£1) G(1; £0) 
+ f andreGoley: T2) V (23) G(xo; £1) V (24) G(a1; zo)... , (330) 
where in non-relativistic theory we assume a strict time ordering, 
tn 2 tn-1 Z tN-2:: 212 2 04 2 tg. (331) 


Truncating this series after the first non-trivial term, i.e. after one interac- 
tion with the potential is called the Born approximation. 


8.2 Interacting Field Theory: General Thoughts 


Quantisation and Particle Interpretation In principle we could try 
and quantise interacting theory as before, by promoting fields to field oper- 
ators and by demanding suitable equal-time commutation relations. How- 
ever, the equations of motion for interacting fields are usually not linear 
any more, due to the potential terms responsible for the interactions and 
featuring more than two fields. This prevents us from being able to solve 
them in closed form and we therefore lose the ability to expand the field 
operators in products of creation and annihilation operators and some wave 
that captures the solution of the E.o.M.. 

But this means that it is not entirely obvious any more how we arrive at a 
meaningful particle interpretation for our fields. One way to answer this is 
to realise that ultimately we want to be able to compute numbers that we 
can compare with the experiment. In particle physics, we usually have two 
colliding particles, which produce more particles in their interaction. This 
means that we are mainly interested in being able to calculate cross sections. 


Transition Amplitudes between Asymptotic States The cross sec- 
tion for a process is proportional for this process to occur. In quantum 
mechanics this probability is given by the absolute square of the amplitude 
Mei, |Myei|*, for the transition of an initial state |i) to a final state |f}, 


Mes = (fli). (332) 


The definition of these states is subject on how they are being prepared (for 
this initial state) or measure (the final state). For perturbation theory to 
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work, this means that they must be prepared or measured infinitely far away, 
both in space and time, from the point where they collider — this assumes, 
of course, that the interaction between the states vanishes with increasing 
distance. This assumption of asymptotic states is crucial for us to be able 
to calculate in a quantum field theory!’. 


The S matrix There is yet another problem, while the states |IS) span- 
ning the possible initial states of our collision are eigenstates in the initial- 
state Fock space of the theory, the corresponding final states |FS) live in 
the final-state Fock space. These two sets of states are related to each other 
through the $-matrix such that |FS) = $|IS). Therefore the transition 
amplitude within the same Fock space is given by 


Mcre tSp. (333) 


In this chapter we will discuss first steps on how to calculate the S-matrix 
elements, i.e. 


Bn = Mfei = (FIS li) . (334) 
Operators and Pictures From Quantum Mechanics we know that there 


is a dichotomy between fields and operators and how they evolve over time, 
and it has become customary to distinguish between three pictures: 


1. in the Schrödinger picture, the operators ols) (x) are time-independent, 
and it is the states that carry the time-dependence, 


I(E) = exp [-ifr(t — to)] [w(to)) ; (335) 


2. in the Heisenberg picture, the states that carry the time-independent 
and the operators Ô) (x,t) are time-independent, 


Ô) (t, £) = exp hiq " to) ÔD (to. £) exp [ite E to) ; (336) 


3. in the interaction picture, the Hamiltonian is split into a “free” part, 
Ho, and an “interaction” part, Hin, such that 


ÔD (t, x) = exp [ifi (t — to)| OM (to, x) exp |-ifto(t — to)| . (337) 


and the time evolution is distributed over both operators and states. 


This is because the interacting fields are not identical to the free fields: the vacuum 
of interacting and free theories is potentially different, and we only know how to quantise 
the latter. This implies immediately that the states |i) and |f) are eigenstates of the free 
field theory but usually not eigenstates of the interacting field theory. Their interactions 
with a cloud of virtual particles around them, from the surrounding interacting vacuum, 
will ultimately force us to renormalise the external field, a topic well beyond this lecture 
course. 
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The exponential terms exp|—iH(t — to)| are known as the time evolution 
operator, 


U(t, to) = exp[—iH(t — to)]. (338) 


Time Evolution and Perturbation Theory Let us now take a closer 
look at the field operators in both the Heisenberg and the interaction picture. 
It is important to stress that in the following we will only sketch the logic of 
how, starting from the interaction picture, we arrive at an expression that 
can be perturbatively evaluated. 

Assuming an explicitly time-independent Hamiltonian, and identifying the 
operators at time t = to with the Schródinger-picture operators, Q9), their 
relationship is given by 


pi) (t,£) = eif tt) ACS) (x) et (t-to) 


— gif (t-to) ¢—tHo(t—to) $0) (to, a; ei o(t—to) tH (tto) f (339) 


Similar equations naturally also hold true for other operators in the inter- 
action picture. 

We now redefine the time-evolution operator in the interaction picture such 
that the “free” time-evolution is factored out: 


UM (t, to) = exp[iHo(t — to)] exp[- 4H (t — to)] . (340) 


Although it looks as if the two exponentials could be directly multiplied, 
to result in an exponential of the interaction Hamiltonian alone, this de- 
ceptively simple picture is misleading and hold true only, if Ho and Hint 
commute. This, however, is usually not the case and one would have to 
resort to the Baker-Hausdorff formula to directly calculate this operator. 
Instead, let us construct a differential equation to determine U“). Differen- 
tiation with respect to time yields 
ve . . . i 
QUO to) _ inui) Po (to)e -ito — gifo(t—to) P (toei to) 
Ot 
— _¢iHo(t-to) | (t9) — lg (to)| eto) = —etfolt-to) f. (ty eH to) 


E —giFfo(t—t0) FF, (tp et Pro (t—t0) giHo(t—to) e-i (t—to) 


ALY (0 (t, to) (341) 


The formal solution to this differential equation is given by 


Ot, to) 
t bs t ty tn-1 

= a dt; X` | (~) / dt J dtz... J dtn AD (14) AL (te)... AO (ta) 
to 8-0 to to to 


= T |exp -i f ar ADE) ; (342) 


where we have used the time-ordering symbol T, that we already encoun- 
tered when we constructed propagators for the fields. 


Connection to the S-Matrix Recalling that the S-matrix describes the 
transition from the initial to the final state, with the former in the infinite 
past and the latter in the infinite future, we can connect it to the interaction 
Hamiltonian and write 


+00 
ô= lim ÔD t)=T [exp -i / arBU (||. — (343) 


To evaluate it we will usually go back and expand the exponential to arrive 
at an expression like the first line of Eq. (342), and we would truncate 
this series after the first few terms. This is well justified if there is a small 
parameter — usually a coupling constant — in the relevant parts of interaction 
Hamiltonian that steer its size. 


8.3 Interacting Field Theory: Aó* 


Lagrangian & S-Matrix We will now specify the results of the previ- 
ous chapter to a Klein-Gordon field with quartic interactions. This theory, 
specified by its Lagrangian 


1 m? AÀ 
L = z (no) (OS) E wv a? (344) 


is probably the most used example on how to construct and evaluate inter- 
acting field theories. The Taylor expansion of its S-matrix elements is thus 


given by 
aso = uio + (SP) fats Gr [i99] 


+ (BY [toes (rr CIO E 
(345) 


This perturbative expansion will succeed, if A is sufficiently small. It is 
worth noting that the first term, (f|1|), reduces to a ô in initial and final 
states. 
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S-Matrix vs. Creation and Annihilation Operators Let us now see, 
how we can evaluate this expression. We will discuss a 2 — 2 scattering 
process, where two ¢-particles with momenta pı and po scatter to become 
two ¢-particles with momenta qı and qo, pı + p2 > qı + q2. This means 
we will have to manipulate expressions like (d,0,: out| Dp in) between the 
in-space and the out-space. For the sake of clarity we will keep a notation, 
where we make it explicit to which space the states and operators belong. 
Let us start by using creation and annihilation operators to move one of the 
in-particles, p,, from the state-ket into operators: 


(4,4,;0ut| p prin) = (qa; out à! (p, iim) | prim) 
(4,45: out lat Dj; out) Dj; in) 
+ (4, az; out | (a*(p in) — à! (p ; out) ) |p; in) . 
(346) 
'The first term vanishes, unless one of the two momenta dio = . But this 


would mean that one particle would not really participate in dr Sean: 
something that is usually called a “disconnected diagram”. In such cases 
we wouldn’t calculate an amplitude that contributes to a scattering cross 
section, and we ignore contributions like this. This leaves us with the second 
term. Here, it is important to realise that the in-operator lives at times 
t = —oo, while the out-operator is positioned at time t = -Foo. This will 
help us when we re-express the creation and annihilation operators ât and 
â with the field operators à. 


External Particles through Field Operators Starting from Eq. (145) 
to write the creation operator as 


= [es ee [ko olt, x) + in(t, x)| 


= [ae (er) e nett mea 


=i f è= | [eea 0; b(t, z) 


ad) = - i fate [et ra a). (347) 
where we have redefined, for this chapter, 
a 0 b = a(8b) — (Oa)b. (348) 


'This allows us to replace the in-space and out-space creation operators in 
Eq. (346) with expressions for the field operators from Eq. (347). Using that 


[eet = fuo [ 8562 = f zase a (349) 
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allows us to replace the in-space and out-space field operators din and brmout 
with the field operators in the limits t —^ —oo and t — -Foo resulting ulti- 
mately in 


(4,49; out | DVD in) = (4,49; out | (a (p; in) — al (p; out)) | Dj; in) 


: a x 
— „lim fë [eo ð (aio lót; x; out) 


hacer 
-é(ti, zin) p,iin)} 
tf 
— " lim fa fers [ee B (agon o(t, a) jin) 
tj d 


o(t, x) 


= SL [Efe (a, ow 


+ pt (aa, out 


Po in) 
Pa; 2 


A(t, z)| p; in) 
d 


(x) D in) , (350) 


l(t, x) 
SL [s + m?) g ie (a, ow 


pe Pre (aa, out 


o(t, x) 
= -i f atze TORY 2 +m’) (a, ow 


In going from the third to the fourth line we have used that e~’?! is a 
solution for the Klein-Gordon equation, which allowed us to replace the 
energy square E? with (p; + m?), and in going from the fourth to the fifth 


line we have integrated by parts, which shifts the V? from the plane wave 
to the field operator. This step is possibly only because the interaction is 
localised, ¢*(x) and we assume that the fields vanish fast enough for x — oo 
such that the surface terms equal zero. 

In a similar way, we can “pull” a state from the final-sate bra through 
annihilation operators into a field operator, and we arrive at 


(aaou: |o nim) 


= —i lim fë [o9 9 (aout 


[bouts y; out)d(z) 


Eo ts in) 
a(n) 


us) 


Po} in) (351) 


r [éw 


Il 
| 
>. 
Q 
ES 
e 
[y 
S 
= 
e 
— 


ent (gs 
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where the time-ordering results from the limits for the temporal integration. 


Lehmann-Symanzik-Zimmermann Pulling all particles from the bras 
and kets into the fields we arrive at the Lehmann-Symanzik-Zimmermann 
(LSZ) formula; for our case of four particles it reads 


e 


bu) - Cà*(? f ateratnd yay Te i(pi-zic-pa:x2—41:91— 2-92) 


x (Gr, m?) (Oe, + m’) (Cy, +m?) (Oy, +m’) 
x (olr [Banene] oy} Gsm 


The pattern is clear: each external particle with momentum k results in an 
integral over all space, d^z, and obtains a plane-wave factor exp(+ik - x), 
an inverse propagator term??, and is represented by a corresponding field 
operator in the vacuum expectation value of a time-ordered product of such 
operators. The inverse propagator terms ultimately reduce the S-matrix 
to the normalised residue of this vacuum expectation value by, pictorially 
speaking, “truncating” (cutting off) the effect of the external particles prop- 
agating to the interaction zone. 


Wick’s Theorem To evaluate the perturbative series encoded in the LSZ 
formula, Eq. (352) we will use Wick’s theorem. It connects time-ordered 
products of field operators with their normal ordered products and products 
of Feynman propagators. Without any attempt at proving it we will just 
state it for some examples below. 


1. For two field operators we have 


T [bw] —:66)6(y)y: Arv - y), (353) 


2. and for four field operators it reads 


T [6(21)6(22)9(75)9(4)| = 4e $t ii 3624): 
+ So ġ Y AF (£k — zi) 
i<j;k<l 
+ y» Ap(zi — zj) Ap (£k — vi) 
i<j;i<k;k<l 


(354) 


20Tt, is easy to see, by Fourier transformation, that (O+ m?), indeed is (p? — m?), up to 
some phase factor. 
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By using that the vacuum expectation value of any normal-ordered product 
vanishes when sandwiched between vacua, 


(0 |i (72)6(22) Ban): 


and by realising that the Feynman propagators are just numbers, for ex- 
ample Eq. (301), and that therefore the vacuum expectation number of any 
product of them just equals their product, 


(0 [Api = 22) r(z3 = LA) osa | 0) = Ar(21 = z2)A F (£3 = 24) Shas (356) 


0) sih (355) 


we see that the vacuum expectation value of the time-ordered product of 
fields reduces to a product of Feynman propagators and, possibly, “vertex 
factors” related to interaction points, where three or more of these fields 
interact. 


0tt-Order Let us now see how this plays out for the 0*^-order term, where 
we merely have the four field operators. This is equivalent to the term 
(f|ili), the first term in the perturbative expansion of Eq. (345). Going 
back to Eq. (352) we therefore end up with 


e bus) 


= f indita t i(pi:21--pa:22—41:91—42:92) 


i 


2: ( x, +m”) ( za +m”) ( u +m*) ( y, +m?) 


x | Ap(zi — x2)A F (y1 — y2) 


+Ar(a1 — y1)Ar(x2 — y2) 


+Apr(z1 — y2)Ap (T2 — n)| } 


= f didit itus t Wpi-zicpz-22—01:91 02:92) 


x( a, +m?) ( mq +m”) ( a +m?) ( y +m) 


A | dtky dtk e oh —£2) e thay —y2) 
(22)4 (21)* k? — m? — iet k — m? — iet 


f d*k, dk e ia 21—y1) e tke 12—92) 
(27)4 (21)4 k? — m? — iet k — m? — iet 


dk, dk, ei 21—92) e tke 22—1) 
li (27) (21)4 k? — m? — iet k — m? — iet 
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= f indidit t i(p1:21--pa:22—41:1—42:2) 
d*k, dík , ə 22 52 22 
sJ anen Hm) do 
etki (1-22) e iF201-y2) 
i k? — m? — iet k2 — m? — iet 


ei (y1—2c1) e ik2(y2—22) 


k? — m? — iet k2 — m? — iet 
e iki (y2—21) e i222) | | 


k? — m? — iet k2 — m? — ie 


d*k, d*k 
= f Ont CL (ki m?) (k2 — m?) 


A | ô (ky + p1)ô (ky — p)8^ (Ko + d1)9^ (ko — qo) 


ó* (ki + p1)6* (ky + q1)6 (ko + p2)64 (ko + q2) 


"(ky + pi)* (s + q2)8t (ka + 71)54( ko + 2 
= | ^ (p — p2)ô (qi — q2) (pi — m?) (a? — m?) 


RE ó (pi z q1)5* (pa — q2) (pi = m?) (p3 E m?) 


+ à'(p — a1) (p2 — q2) (pj — m?) (p3 — m?) | . (357) 


Looking at this, we realise that the first term will vanish if all external 
particles have positive energies - which they should as we want to calculate 
a physical cross section. This leaves us the last two terms where particle p1,2 
transit directly, without interaction, into particles q1,2 or vice versa. The 
absence of an interaction should not come as a surprise: as a starting point 
we have only sandwiched the free theory between initial and final state. 


]*-Order This however changes, when we go to the first order of pertur- 
bation theory, or the first term with an interaction Hamiltonian sandwiched 
between (f| and |i), i.e. the second term on the right-hand side of Eq. (345). 
In this case, and in order to arrive at connected diagram, i.e. those where 
all external lines are connected through propagators, we will have to con- 
nect the four outgoing particles with the interaction vertex. Integrating over 
all possible permutations of possible connections and over all space for the 
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vertex position we arrive at 


4 
fa i e p,p) 


=m iA 5 d!z d z3d y; d!ysd^z t i(pi-21--pa:22—q91:y1—2:y2) 


C {21,22,y1,y2} 


x (Ba +m”) (Oes +m?) (Oy, +m?) (B, +m’) 


x jare ~ 2)Ap(z2 — z)AF(z — s)Ar(z — v) } 


- id | d'zid'zadiyid'yd’z t i(pi:z1--pa:32—41:91—42:92) 


| dk, d'ka dík d'k, 
(21)* Qm) (21)* (27)! 


x (Ela, +m?) (Or, +m”) (Oy, +m?) (Oy, +m?) 


| 


— - ià | d'aid'zadiyidtyd’z fe i(p1:-£1+p2'£2—q1:Y1—02:Y2) 


J dk, d!ka dík d*k, 
(21)* (27)* (21)* (27) 


x (kī x m?) (kå B m?) (k3 — m?) (ki = m?) 


e ifi (2-21) e tka: (2-22) 
x 


k? — m? + iet k? — m? + iet 
[entat + ka — kg — ka) 


e ifi (2—21) etka: (2-22) 
x 7 : 
k? — m? + iet k2 — m? + iet 


e ik3-(yl—z) e ika-(y2—z) 


x - 
k2 — m? + iet k? — m? + iet 


e-iks:(y1-z)  e-ika(y2-2) 

E k? — m? + iet k? — m? + iet 

M" E dka d4k3 dk, 
(27)* (2m)* (2m)* (27) 

x (20)16*(k, — p1)(20)4164(ke — p2) 


 (2m)454(bg — qu)(2m)454 (ka — z 


= (21)'6*(px + pa — qı — Jid. (358) 


We realise that, after this long calculation, the amplitude for the 2 — 2- 
scattering including one interaction vertex is given by the value A of the 
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interaction vertex, when taking into account the 4! combinations of combin- 
ing the four external legs with the vertex. 


Feynman Rules This finding allows us to formulate simpler rules for the 
construction of amplitudes. The LSZ formula above guarantees that we only 
have to take into account interaction vertices connecting the internal lines 
for particles, and we know that they are given by the time-ordered products 
— or commutators — of the fields. This gives rise to the Feynman rules for 
the A¢* theory, namely 


= — (359) 


2"4.Order Amplitude Let us now construct a second order amplitude for 


the 2 — 2-scattering, using the Feynman rules from Eq. (359). Labelling in- 
coming particles as 1, 2 and outgoing particles as 3, 4, we find three different 
diagrams, namely 


ss 


Let us focus now on diagram (a) and translate it into an expression for the 
amplitude. We have 
$c (A) f dk dq -i -i 
i 4! (21)4 (21)4^ |k? — m? + ie* q? — m? + ict 
4^? 
x P Qanyis(pi + po — à — Klr) Sla + k — pa — pa) 


2 
2 


E. 
=o (22)*8(p1 + pa — pa — pa) 


d*k 1 
x J (27)t [k2 — m? + iet][(P — k)? — m? + iet] ’ (361) 


where we have introduced P = pı + p2. The two factorials 4! from the 
interaction vertex are compensated by similar factors from attaching lines 
to the vertices, but modified by 1/2. This “symmetry factor” stems from the 
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fact that there are two internal lines connecting the two vertices at positions 
yı and y2, taking out a combinatorial factor of 2!. For diagrams (b) and (c) 
we arrive at similar expressions, where P is modified to become P = pı — p3 
and P = pı — pa, respectively. 

Closer inspection of the k-integration reveals that this diagram gives rise to 
a logarithmic divergence. To see this, consider a limit where k becomes in- 
finitely large, k — oo. In this limit the integral assumes the asymptotic form 
of d*k/k*, and using polar coordinates in four dimensions, we can write this 
as k?d?Odk/Kk*, where d?Q takes care of the finite angular integrals. This 
leaves us with a final integral dk/k which diverges for k — oo. This consti- 
tutes yet another divergence in Quantum Field Theory, and, similar to the 
treatment before, it is cured by subtracting suitable terms, this time directly 
in the Lagrangian. These terms are constructed after “regularising’ the inte- 
grals, i.e., after quantifying the degree of their divergence and its prefactors. 
'The overall procedure of dealing with these ultraviolet divergences is known 
as “renormalisation’ . 


Cross Section To arrive at a cross section o; ,y for a process i > f, we 
have to 


e absolute-square the transition amplitude, |S? 


e sum or average over all outgoing or incoming unobserved internal de- 


grees of freedom such as spins, polarisations, or colours, indicated by 
the symbol 57 


e integrate over Lorentz invariant phase space given by the outgoing 
momenta, qi 


e and multiply the result with the Lorentz-invariant flux that describes 
the phase space density of the incoming particle beam (the term 1/(4,/.-) 
in front of the overall expression). 


Expressed as an equation and using that Pio E mi, and making four- 
momentum conservation explicit this therefore reads 


1 
AV/ (mi - p3)? — pip? 


-JI THE AT = lS ril? ( (27 eos (n + p2 — » DE (362) 


For the case at hand, we have the first-order amplitude from Eq. (358). 
Stripping out the overall four-momentum conservation it is given by Sp; = 
iA. Assuming incident momenta 


Oj-f = 


P1,2 = (E, 0, 0, T E? i m?), (363) 
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we arrive at 
M 
4,/(2E? — m2)? — ma 


Of = 


d?gi d?qo AeA 
2 =; ee 
n / (21)32E4 (21)?2 E; (21) 9 (p + p2 — a — q2) 


Z 3 
E VE ee MEE E M ™ 
2 2 
-ray J duy GE 2/ d +m?) 
"JB / a -m wan 2E\) 
mE : i (364) 


for the cross section at the lowest order in the couplnig constant, O(A?) 
where we have used polar coordinates for the q;-integration and realised 
that d|g,| = dE. The cross section has units of inverse energy squared or 
area and is usually given in units of “barn”, where 


lbarn = 1b = 10^ 75m?. (365) 
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9 List of Problems 


Section | Page | Title 
2 15 || Levi-Civita symbol 
16 || Boosts and rotations 
17 || Inverse Lorentz transformation 
18 | *The Generators of the Lorentz group 
22 || *Poincare transformations 
24 || Lagrange and Hamilton Formalism: Example Systems 
26 || Conserved Energy from Hamilton function 
27 || Quantum Mechanical Harmonic Oscillator 
3 45 | General Solutions for the Klein-Gordon Equation 
47 || *Klein-Gordon equation in Two-Component Form 
49 | Euler-Lagrangr Equation of Motion 
51 | Massive Vector Field 
52 | Electrodynamics with Gauge-Fixing Term 
53 | Free Schródinger Field 
54 | *Equations of Motion with Boundary Conditions 
55 | Symmetry and Conserved Current 
56 | *ASU(2) Symmetry 
57 | Energy-Momentum Tensor 
4 72 | States and Operators of the Real Scalar Field 
73 | Wave Functional from State Vectors 
74 | Two Real Scalar Fields Equal One Complex Scalar Field 
79 || Momentum Operator 
81 || Causality and Anti-Commutators (Real Scalars) 
82 | Commutators for Free Real Scalar Fields 
84 | *Properties of the Charge Operator 
85 || *Parity of a Scalar Field 
5| 101 || Dirac Equation and Anti-Commutators 
101 || Commutators with the Dirac Hamilton Operator 
103 || *Direct Solution of the Dirac Equation 
104 || Dirac Spinor Relations 
109 || y Algebra 
110 || Dirac Hamiltonian from Creation and Annihilation Operators 
116 || *Dealing with ys 
118 | *Spin Operator 
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Section | Page || Title 

6 | 132 | Polarisation Vectors in Coulomb Gauge 
133 || Equal-Time Commutators of E and B 
134 | Momentum Operator P^ 
135 | **Casimir Effect 

7 | 152 || Green's Function for a Free Particle in Quantum Mechanics 
154 | Feynman Propagator for the Dirac Field 
156 | Propagator in General Lorentz Gauge 
159 || *Propagator for the Schrödinger field 
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